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Daiqian Zhang
We report a direct lattice calculation of the K to ππ (∆I = 1/2) decay amplitude A0 on
a 323 × 64 ensemble, with 2+1 flavor Möbius Domain Wall Fermion, with a−1 = 1.379(9)
GeV. This is a complete and physical calculation: chiral symmetry breaking is controlled
by the Möbius Domain Wall formalism; pion and kaon masses are simulated at their near-
physical values, mK ≈ 490 MeV and mπ ≈ 140 MeV. G-parity boundary conditions are used
to realize correct kinematics for the final two-pion state and give Eππ(I=0) ≈ 498 MeV, while
keeping isospin symmetry; all 10 ∆S = 1 operators are considered, each of which involve the
notorious disconnected diagrams. With this setup, we are able to resolve, for the first time,
the physical decay amplitudes Re(A0) and Im(A0) from 0. The Re(A0) amplitude agrees
with its experimental value, The result for Im(A0) is used, in combination with the lattice
calculated decay amplitude A2, to compute Re(ε
′/ε), which evaluates to 1.38(5.08) × 10−4
and agrees at the 2σ level with the experimental value 1.66(0.23) × 10−3. This is a major
step towards understanding and testing CP violation in the standard model.
Several measurement techniques are used to increase computational efficiency. We use
all-to-all propagators to construct finite sized mesons, which have a better overlap with
the meson ground state and reducing statistical noise from the vacuum graphs. This also
saves matrix-inversion overhead when constructing mesons with different momenta. The
other technical improvements include the mixed-precision conjugate gradient algorithm, and
optimized fast Fourier transformation. We also discuss the cross-checks on the use of G-parity
boundary conditions, and estimate several important systematic errors.
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Since the experimental discovery of Parity violation in 1956 and Charge-Parity (CP) violation
in 1964, considerable progress has been made to understand the discrete symmetry breaking
in nature. It’s widely believed that the weak interaction in the standard model is the source
of this discrete symmetry breaking. However an important quantity providing a measure of
CP violation, Re(ε′/ε), is not directly accessible from theory, due to the non-perturbative
nature of strong interaction. The quantity Re(ε′/ε) is small (≈ 10−3) and highly sensitive to
mechanisms that go beyond the standard model. In an effort to test the standard model, we
make the first theoretical calculation of Re(ε′/ε) in this work, using the technique of lattice
QCD to solve the problem raised by the non-perturbative strong interaction.
In particle physics, the standard model is now an accepted and experimentally well-
tested theory, which uses quantum gauge theory to explain the interactions among subatomic
particles. The discovery of W± and Z boson (1983), top quark (1995), and Higgs boson [3]
(2012) show the great success of this theory in particle physics.
The gauge group in the standard model is U(1)×SU(2)×SU(3). Due to the Higgs mech-
anism, the U(1)×SU(2) part is spontaneous broken to a U(1) subgroup that is the basis of
quantum electrodynamics (QED), while three massive bosons carry weak interaction. The
remaining SU(3) group provides the strong interactions, described as quantum chromody-
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namics (QCD). The interactions in QED are relatively easily calculated using perturbation
theory and give many of the most accurate predictions of the standard model, for example
the anomalous magnetic moment of electron agrees with experimental to 1 part in 1010.
QCD is an UV complete theory, the interaction (also known as strong interaction) becomes
weaker at higher energy scales, which is the feature of a non-abelian gauge group; but on
the low energy end, it’s difficult to do analytic calculation because the coupling constant
αs is of order 1 and perturbation theory fails. Alternatively, lattice QCD provides the only
known non-perturbative approach to solve QCD. As for the weak interaction, it is the least
understood part in the standard model. The weak interaction contains most of the 19 ad-
justable parameters in the standard model, and it explicitly breaks parity symmetry since
only left-handed fermions couple to weak isospin. The weak interaction breaks CP symmetry
explicitly by the complex phase in CKM matrix.
Symmetry has always played an important role in theoretical physics, for example we
often use it to distinguish states in quantum mechanics. The discovery of parity violation is
motivated by the θ − τ puzzle, in which two parity-different decay modes are found for two
“identical” particles, raising the question of whether parity is truly a perfect symmetry. The
experiment by Wu at the end of 1956 showed the violation of parity conservation in the beta
decay of cobalt-60 [4], leading to the Nobel prize in 1957 (won by Lee and Yang). Later, the
discovery of CP violation in neutral kaon decay became another milestone in particle physics
and won the Nobel prize in 1980 [5]. Knowledge of the discrete symmetry breaking will help
us understand fundamental questions about the universe, for example what’s the nature of
space and chiral (handed) objects, why do particles dominate over anti-particle?
Since CP violation is observed and quantitatively measured in experiment, one natural
question is whether the standard model can predict it. A CP violating process typically
involves a hadronic decay, in which both the weak and strong interaction contribute. The
weak interaction, although it arises from a non-abelian gauge coupling, can be calculated
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using perturbation theory. This is because the Higgs mechanism occurs at such a high
energy scale that weak force carriers (W±,Z boson) acquire much larger masses than the
confinement scale of weak interaction, as a result the coupling constant is never strong enough
to invalidate perturbation theory. As for the low energy QCD part, we’ll use the only known
non-perturbative treatment, lattice QCD.
As a standard procedure to combine weak interaction and strong interaction in hadronic
decay, we first set an energy scale µ to split the high energy part (> µ) and low energy part
(< µ). The low energy part appears as an effective theory with effective vertices and the
corresponding renormalized coupling constants (also known as Wilson coefficients), it’s put
into lattice QCD and its interplay with the quarks and gluons is treated non-perturbatively.
The effects of the high energy part are calculated by integrating out the heavy degrees of
freedom, during which the propagators of those fields are approximated to a point, generating
a collection of local operator products (which can be analysed by using the Operator Product
Expansion, OPE). The OPE analysis ends up with effective vertices and their renormalized
coupling constants that define the low energy part mentioned earlier.
In this work, we mainly study the CP-violating K → ππ decay process. The goal is to
calculate, from first principles and at the physical point, the K → ππ(I=0) decay amplitude
A0, and the real part of the ratio of CP-violating quantity Re(ε
′/ε). We treat the W±
and Z bosons and the top/bottom/charm quarks perturbatively and integrate them out;
the up/down/strange quarks are simulated on lattice. In order to control chiral symmetry
breaking in the lattice calculation and maintain the continuum operator mixing pattern, we
use the Domain Wall Fermion (DWF) action which exponentially suppresses residual chiral
symmetry breaking by introducing an extra 5th dimension. The DWF parameters are tuned
to give physical pion and kaon masses. The newly developed G-parity boundary condition
technique is used to force that pions carry physical relative momenta present in the actual
ππ final state. Both DWF and G-parity boundary conditions introduce extra computational
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cost, but it’s still small compared to the huge advantage of simulating the kaon decay at
physical point for the first time. Another challenge besides the physical point calculation
is the disconnected graphs in K → ππ(I=0), which arises because of the non-zero coupling
between the ππ(I=0) and the vacuum and which degrades the signal badly. To reduce the
fluctuations from the vacuum graphs, we have used the all-to-all propagators to construct
pions with a more realistic size to avoid unnecessary coupling with vacuum.
While we don’t consider several systematic errors in this work (e.g. finite volume, finite
lattice spacing, and so on), because of the current large statistical error, we should begin
to consider them to further sharpen the calculation as the available statistics increases and
technology keeps advancing.
We organize this work as follows. In Chapter 2, we review the kaon decay in the standard
model and the related measurement from experiments. In Chapter 3 we give an overview of
the lattice QCD method and summarize the procedure of the lattice calculation of the kaon
decay amplitude. In Chapter 4 we explain the measurement techniques used in this work,
including G-parity boundary conditions and all-to-all propagators. In Chapter 5 and 6 we
present the measurement results from several 163 × 32 ensembles and a 323 × 64 ensemble.
In Chapter 7, we summarize our result and discuss possible improvements in the future.
Chapter 2
CP Violation in the Standard Model
In this Chapter we discuss the origin and measure of CP violation in neutral kaon decay,
within the framework of the standard model. We will explain kaon mixing, which contributes
most of the CP violation; then we work out the formulas for the two measures of CP violation;
lastly we calculate the experimental indication for kaon decay amplitude from kaon branching
ratio and lifetime, which are ingredients (but not all) of the CP violation measures and our
lattice results could compare with.
2.1 CKM Matrix














where g2 is the weak coupling constant, W
± are the fields that represent the W± bosons,
and Jµ
ch
is the quark charged weak current:













The CKM matrix V CKM arises from transforming the quark fields from gauge eigenstates
to mass eigenstates (more details are provided in Chapter II of [6]), and by definition it’s a
unitary matrix. An n×n unitary matrix contains n(n−1)/2 angle parameters and n(n+1)/2
phase parameters. For those phase parameters, some of them can be absorbed into the phases
of the quark fields, for example the quark rephasing of
qL → eiθ
q
qL, (q ∈ {u, d, c, s, t, b}) (2.4)
will have the effect of changing the CKM matrix:
V CKMαβ → V CKMαβ ei(θ
β−θα), (α ∈ {u, c, t}, β ∈ {d, s, b}). (2.5)
Since an overall common shift in θq does not affect V CKM, only (2n− 1) transformations are
effective in Equation 2.4, as a result there are only n(n+ 1)/2− (2n− 1) = (n− 1)(n− 2)/2
phases in V CKM. These phases are the sources of CP-violation since they make the quark
gauge coupling complex, and they are only present in theories with at least three generations
of quarks (n ≥ 3).
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2.2 Kaon Mixing
The K0 and K
0
are related by CP transformation:
CP|K0〉 = −|K0〉 (2.6)
CP|K0〉 = −|K0〉 (2.7)









where |K0+〉 is CP even and |K0−〉 is CP odd.
In experiment, the two observed neutral kaons are called KL and KS, the first one has
much longer lifetime than the latter. Since CP violation is rather mild, KL and KS are both
close to but not exact CP eigenstates. KL is almost the CP odd state K
0
− as it mostly decays
into πππ, KS is almost the CP even state K
0
+ as it mostly decays into ππ. Because the mass
of three pion is so close to the kaon mass, the phase space for the final 3-pion is very limited
in the KL → πππ decay, as a result KL has much longer lifetime than KS.
















where M and Γ are each a 2×2 Hermitian matrix. The imaginary i
2
Γ accounts for the decay
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〈i|HW |n〉〈n|HW |j〉2πδ(En −mK) (2.12)





























· ImM12 − iImΓ12/2
ReM12 − iReΓ12/2
(2.15)
The CP-violating KL → ππ decay receives contribution from two sources:
• The KL contains a little K0+, which happily decays into ππ. This is due to kaon mixing
and is called indirect CP-violation.
• The major K0− part in KL can by itself decay into ππ, this is called direct CP-violation.
In the next section, we will derive formulas describing each of the measures of these two
sources of CP-violation.
9
2.3 Measures of CP Violation in Kaon Decay
The measures of indirect and direct CP-violation in KL → ππ are called ε and ε′ respectively,
they are defined in terms of the ratio of kaon decay amplitudes:
〈π+π−|HW |KL〉
〈π+π−|HW |KS〉
≡ η+− ≡ ε+ ε′ (2.16a)
〈π0π0|HW |KL〉
〈π0π0|HW |KS〉
≡ η00 ≡ ε− 2ε′ (2.16b)
ε is the contribution to η+−/00 due to kaon mixing, while ε
′ is the contribution to η+−/00
due to direct CP-violation. As can be seen from Equation 2.16, ε′ will vanish if there is no
direct CP-violation.






2|AI |eiξI )eiδI (2.17a)





2|AI |e−iξI )eiδI (2.17b)
for I = 0, 2. The second equation above is simply the CPT transformation of the first
one. If CP is an exact symmetry of HW , AI will be real number. The quantity δI are the
pion-pion scattering phase shifts for ππ scattering in the I = 0 and 2 states. The quantity
ξI are the complex phases of AI which is also known as CP-violating phases since they will
be zero if CP is an exact good symmetry [7]. The |ππ(I)〉 are isospin eigenstates, in terms














2|ππ(I = 2)〉+ |ππ(I = 0)〉
)
. (2.18b)
Substituting Equations 2.17, 2.18, and 2.14 into 2.16, neglecting higher order terms in CP-
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violating phase ξI and the ratio Re(A2)/Re(A0), we can solve for ε and ε
′ with the result:












The main object of this work is to test whether the standard model can quantitatively
predict the experimental CP-violation quantity Re(ε′/ε) = (1.66± 0.23)× 10−3.
2.4 Kaon Decay from Experiment
The kaon decay amplitudes A0,2 are important ingredients of ε and ε
′, we explain in this
section how they are calculated from experimental data.
















• A is the decay matrix element from quantum mechanics.
• S is the symmetry factor that accounts for the permutation symmetry of final two
particles. S is 1 if the final two-particle state is unchanged under permutation of these
two particles, otherwise S is 1/2. In the following derivation, I will use the convention
that the ππ states are always symmetrized so that S = 1/2.
• M,P are the mass and four momentum of the initial particle.
• Ei, ~pi are the energy and 3 momentum of particle i.
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|A(K → ππ)|2 | ~p1(2)|
m2K
, (2.21)
where ~p1(2) is the 3 momentum of either of the final particle. This is also called Fermi’s
“golden rule”. Applying this rule, the three kaon decay widths, corresponding to Ks →

































(mK+ −mπ+ −mπ0)(mK+ +mπ+ +mπ0)(mK+ −mπ+ +mπ0)(mK+ +mπ+ −mπ0)
2mK+
(2.25)





|A+−| = 3.92× 10−7GeV (2.26)√
1
2
|A00| = 2.59× 10−7GeV (2.27)√
1
2
|A+0| = 1.81× 10−8GeV (2.28)
Define A0, A2 to be (note there is now an overall factor of
√
2 difference from Equation 2.17,
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iδ0 = 〈ππ(I = 0, Iz = 0)|Hw|K0〉 (2.29)
√
2A2e
iδ2 = 〈ππ(I = 2, Iz = 0)|Hw|K0〉 (2.30)










































To check equation 2.31, note that A+0 and A2 are related by isospin rotation on their






) to ππ(I =










Wigner-Eckart theorem; also note that HW contains 3 SU(2) isospin components (or u/d
quarks) so it has I = 1
2
or I = 3
2
, but only I = 3
2
is allowed since the total I change from
K+ to ππ(I = 2) is 3
2






〈ππ(I = 2, Iz = 0)|Hw|K0〉
〈ππ(I = 2, Iz = 1)|Hw|K+〉
=
〈I = 2, Iz = 0|I = 32 , Iz = 12 ; I = 12 , Iz = −12 〉






Equation 2.32 and 2.33 are simply from decomposing the π0π0(π+π−) state into different
ππ isospin states. The factor 1√
2
in front of A00 and A+− is because the fact that A0(A2)
13
are the decay amplitudes for |K0〉 while A00(A+−) are those for |Ks〉(≈ 1√2(|K
0〉− |K0〉) and




{〈ππ(I)|HW |K0〉 − {〈ππ(I)|HW |K0〉}





Solving Equation 2.31, 2.32, and 2.33 for A2, A0, we get:
|A2| = 1.479× 10−8GeV (2.36)
|A0| = 3.320× 10−7GeV (2.37)
|arg(A0)− arg(A2)| = 44.56 degree (2.38)
These are the decay amplitudes result from basic experimental data, with which we can
compare the lattice result. No error bars are included in the above numbers yet. Our most
recent result for A2 can be found in Ref. [8].
2.5 Effective ∆S = 1 Hamiltonian
The standard model determination of ε′ involves the W± boson and top quark, which are at
a much higher energy scale than Lattice QCD could access. Their contribution are captured









where the superscript ∆S = 1 means strangeness change of 1. GF is the Fermi constant.
Vq′q is the Cabbibo-Kobayashi-Maskawa matrix element. Ci(µ) are the Wilson coefficients
which contain the heavy degrees of freedom. Equation 2.39 is a generic form of the effective
Hamiltonian. In a renormalized theory, for example using MS renormalization, both Ci and
Qi depend on a energy scale µ where the renormalization scheme is defined, in a such way
that the sum of products H∆S=1W doesn’t depend on µ. In this work, we use the Wilson
coefficients that are computed to next-to-leading order in the MS scheme (using QCD and
electro-weak perturbation theory[9]). The ten operators Qi are defined as:
Q1 = (s̄αdα)L(ūβuβ)L, (2.40a)













































where α, β are color indices, the subscripts R and L of each quark bilinear q̄q′ is for the
corresponding vertices q̄γµ(1 ± γ5)q′. Spin indices are contracted in each parenthesis, while
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color indices are contracted as shown explicitly.
These 10 operators are not all linearly independent, there are 3 linear relations:
Q10 −Q9 = Q4 −Q3 (2.41)
Q4 −Q3 = Q2 −Q1 (2.42)
2Q9 = 3Q1 −Q3 (2.43)
The last equation is trivial to prove, while the first two equations can be proved using Fierz
symmetry:
[γµ(1− γ5)]αβ[γµ(1− γ5)]γδ = −[γµ(1− γ5)]αδ[γµ(1− γ5)]γβ, (2.44)
where the µ index needs to be summed over on both sides.
Chapter 3
Kaon Decay from Lattice QCD
In this chaper we discuss the procedure to calculate the K → ππ decay amplitude using
lattice QCD techniques. We first describe the general lattice approach to non-perturbatively
compute quantity at low energy QCD, and then we discuss how the bare lattice decay
matrix elements are determined, lastly the relation between the decay matrix elements in
the continuum theory and those on lattice, so that this procedure of computing physical
decay amplitude is complete.
3.1 General Lattice QCD Approach
In the path integral formulation of quantum mechanics, any Green function (in Minkowsky
space) are written in the form:
〈qα1(t1) · · · qαl(tl)〉 =
∫





where qαi are the degrees of freedom and S[q] is the classical action of a given configuration
q. By doing the analytic continuation:
t → −iτ (3.2)
qαi(ti) → qαi(τi) (3.3)
iS[q] → −SE[q], (3.4)
the Euclidean Green function results:
〈qα1(τ1) · · · qαl(τl)〉 =
∫
[Dq]qα1(τ1) · · · qαl(τl)e−SE [q]∫
[Dq]e−SE [q]
(3.5)
When the variables qαi are those of a continuum field theory, then the techniques of lat-
tice QCD come into play. The lattice formulation and subsequent Monte Carlo evaluation
accomplish the following steps:
1. Regulate the path integral by using a grid of points (as well as the links of adjacent
points) to represent the degrees of freedom qα.
2. Generate a sequence of configurations {[q]1, [q]2 · · · [q]N} with a probability distribution
given by e−SE [q]. (This step is why we need analytic continuation to Euclidean space.)
3. Perform the ensemble average to evaluate the correlation function:





qα1(τ1) · · · qαl(τl)|[q]i , (3.6)
which is straightforward to implement on computer.
Most of the configurations [q] have large actions and only a small fraction of the [q]
have significant contribution to the integral. Thus, the average in Equation 3.6 will only
be practical if we use importance sampling techniques. We typically obtain the samples [q]i
from a Markov chain generated by the Hybrid Monte Carlo method [10] to efficiently sample
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over all possible configurations.
If fermion fields are present in the action, Equation 3.6 for calculating Green function
is no longer as simple as it looks. Because a computer can only handle c-numbers but not
Grassmann numbers, we must integrate out the fermion degrees of freedom before sampling
over the gauge configuration space:
























D[ψ̄]D[ψ]O[q, ψ, ψ̄]e−SF [q,ψ,ψ̄]∫
D[ψ̄]D[ψ]e−SF [q,ψ,ψ̄]
(3.8)
Seff [q] = SG[q]− ln detK̃[q] (3.9)
We have assumed a quadratic from SF = ψ̄K̃ψ for the fermionic part of the action. O[q, ψ, ψ̄]
is any Green function containing fermions and/or gauge variables, and we have used the
Grassmann integral formula:
∫
D[ψ̄]D[ψ]e−ψ̄K̃ψ = detK̃. (3.10)
After these transformations, the effective action Seff contains no Grassmann variables and
can be evaluated on a computer. The observable we need to average over those generated
gauge configuration now becomes 〈O〉SF as in Equation 3.8, which usually involves the matrix
inversion K̃−1 for each pair of fermion fields that appear in O[q, ψ, ψ̄].
For the rest of this section, we will discuss how the QCD action is discretized on lattice.
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In lattice QCD, space-time is discretized into a 4-dimension grid, the fermion field is
represented by Grassmann numbers on each grid site ψ(n), the gauge field is represented by
the SU(3) matrix Uµ(n) which is defined for each link joining two adjacent sites n and n+ µ̂.
The link variable Uµ(n) is related to the continuum gauge field Aµ(n) by:
Uµ(n) = e
ig0aAµ(n), (3.11)
where a is the lattice spacing and g0 is the bare coupling constant. With this definition, the
field tensor Fµν(n) is related to the 1× 1 plaquette by:
eig0a




ν(n) ≡ UP (n, µ, ν) (3.12)




and neglecting higher order terms in lattice spacing a.
The simplest lattice gauge action was proposed by Wilson [11]:






ReTr{UP (x, µ, ν)}
)
, (3.13)
where β = 6
g20
. The Iwasaki gauge action [12][13] in an improved version of the Wilson action,











)ReTr{UR(x, µ, ν)}, (3.14)
where UR(x, µ, ν) is the rectangle plaquette:







and c0 and c1 are two constants, c1 = −0.331 and c0 = 1 − 8c1. For the fermion action, we
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have used the Domain Wall Fermion (DWF) action [14]. It introduces an extra dimension




ψ̄(n, s)DDWF (n, s;n′, s′)ψ(n′, s′), (3.16)
where the 5-dimension Dirac operator DDWF is (as in Ref. [15]):














(1− γµ)Uµ(n)δn+µ̂,n′ + (1 + γµ)U †µ(n′)δn−µ̂,n′
)





[(1− γ5)δs+1,s′ + (1 + γ5)δs−1,s′ − 2δs,s′ ]
−m
2
[(1− γ5)δs,Ls−1δ0,s′ + (1 + γ5)δs,0δLs−1,s′ ], (3.19)
where s or s′ lie in the range 0 ≤ s, s′ ≤ Ls − 1. The five-dimension mass M represents the
height of domain wall in Kaplan’s original language. With the choice of 0 < M < 2, the
fermion with left-hand chirality is exponentially bound to the s = 0 domain wall and the
right-hand chirality to the s = Ls − 1 domain wall. These two domain walls are coupled
by the mass m, which then represents the input bare quark mass. The DWF action solves
the fermion doubling problem [16] while exponentially suppressing chiral symmetry as the
fifth dimension goes, which ensures that the operator mixing pattern remains the same as
in the continuum limit. All the 163 × 32 ensembles in this work use the DWF action, and
the 323 × 64 ensemble uses the Möbius DWF action [17], an improved version of DWF that
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reduces computational cost by reducing Ls while keeping chiral symmetry breaking effects
the same.
3.2 Weak Matrix Elements in Lattice QCD
In section 2.5 the ∆S = 1 effective weak Hamiltonian is decomposed into ten operators, so
the next step is to evaluate each of the ten decay matrix elements Mi ≡ 〈ππ|Qi|K〉. To
do this we first determine the bare lattice decay matrix elements M lati from the Euclidean
three-point function 〈Jππ(tππ)Qi(tQ)JK(tK)〉:
〈Jππ(tππ)Qi(tQ)JK(tK)〉 = 〈0|Jππ(tππ)|ππ〉〈ππ|Qi(tQ)|K〉〈K|JK(tK)〉|0〉+ · · ·
(3.20)
The dots are the excited states contributions above ππ and kaon ground states. In the limit
of tππ  tQ  tK , the ground states Eππ and EK dominates:
〈Jππ(tππ)Qi(tQ)JK(tK)〉 = M lati ZππZKe−Eππ(tππ−tQ)−EK(tQ−tK). (3.21)
The energy and normalization factor for ππ and kaon states, (Eππ, EK , Z
ππ, and ZK) are
determined from the time dependence of the two point functions:
〈0|J†X(t)JX(0)|0〉 = Z2X(e−EX t + e−EX(T−t)), (3.22)
for T  t 0, X ∈ {ππ,K}. T is the lattice size in time direction.
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The phase convention for meson operators in this work is:
|π+〉 = iūγ5d|0〉 〈π+| = 〈0|id̄γ5u (3.23)
|π−〉 = −id̄γ5u|0〉 〈π−| = −〈0|iūγ5d (3.24)
|π0〉 = i√
2




|K0〉 = id̄γ5s|0〉 〈K0| = 〈0|is̄γ5d (3.26)
|K0〉 = −is̄γ5d|0〉 〈K0| = −〈0|id̄γ5s (3.27)
In the context of G-parity boundary condition, we use a two-component quark field



















In this definition we have introduced the SU(2) isospin partner s′ for strange quark s, to
give correct kinematics to ground state kaon (which shall be clear soon). The boundary
conditions for the ψ and ψH fields are:
ψ(Lz + z) = iσ2ψ(z) (3.30)
ψ̄(Lz + z) = −iψ̄(z)σ2, (3.31)
σ2 is the second Pauli matrix and ẑ is the direction with the G-parity boundary. The same
condition is true for the ψH field. The pion and kaon operators in Equation 3.27 can be
23
rewritten using the two-component ψ and ψH fields:
|π+〉 = i
2





|π−〉 = − i
2
ψ̄(γ5σ1C)ψ̄
T |0〉 〈π−| = −〈0| i
2
ψT (γ5σ1C)ψ (3.33)
|π0〉 = − i√
2










|K0′〉 = − i√
2






operator is different from the usual kaon since we now have to include the G-parity






































Now we can check the boundary conditions obeyed by the pion and kaon operators:
π+(Lz + z) =
i
2






This shows the π+ operator satisfies anti-periodic boundary conditions and the allowed











(Lz + z) =
i√
2








This shows the K0
′
operator satisfies periodic boundary condition and that the corresponding
ground state is a static kaon. We can now see the reason to introduce the fictional s′ quark
field. With this setup, the mesons’ kinematics are just what’s needed in K → ππ decay.
For future convenience, we define two matrices
S1 = γ5σ1C
S2 = σ3γ5, (3.41)
where the σi are the standard Pauli matrices.
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3.2.1 π − π scattering
Under G-parity boundary condition, kaon’s ground state carries zero momentum, which is
unchanged under cubic rotation. As a result, kaon in this setup only couples to ππ state
which is also symmetrical under cubic rotation, namely in the A2 representation of cubic
group.
We will label the four s-wave ππ states as |IIz〉, where I and Iz are the two isospin
quantum numbers. The notation “s-wave” indicate a state in the A2 representation of the




























{|π+(pi)〉|π−(−pi)〉 − |π0(pi)〉|π0(−pi)〉+ |π−(pi)〉|π+(−pi)〉},
(3.45)
where ntw is the number of G-parity twists, which could vary from 1 to 3. 2
ntw is the
degeneracy of ground state pion momentum. Depending on the isospin quantum number I,
the ππ correlation functions involves different Wick contractions, which can be categorized
into four graphs, each corresponding to a particular choice of contractions, as in Table 3.1.
In Table 3.1, ti(i = 1, 2, 3, 4) are the time coordinates of the ππ source and sink inter-
polating operators as in Figure 3.1 In this work, we have used a non-zero time separation










Tr{Gt1,t2S2Gt2,t3S2Gt3,t4S2Gt4,t1S2} V = (12Tr{Gt1,t2S2Gt2,t1S2}) · (12Tr{Gt3,t3S2Gt4,t4S2})
+(t3 ↔ t4)]
Table 3.1: Wick contractions in ππ correlation function.
t1 t2 t3 t4
π π π π
Figure 3.1: Time coordinates in pion-pion scattering. Left: source ππ. Right: sink ππ.
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from the vacuum graph [18] and to avoid an unwanted contraction arising from the use of
all-to-all propagators (see Chapter 4). The quark propagator Gt1,t2 in Table 3.1 is the wall-
source propagator from time slice t2 to time slice t1, and for simplicity I haven’t written
out the momentum quantum number. But it should be understood that ππ state carries
momentum and a more general form is:
The ππ correlation functions are linear combinations of these four graphs. Taking
into consideration of Grassmann algebra as well as the imaginary number i in pion cre-




















(2Dpi,−pi;pj ,−pj + Cpi,−pi;pj ,−pj − 6Rpi,−pi;pj ,−pj + 3Vpi,−pi;pj ,−pj)
(3.47)
where the contractions now carry four three-momentum quantum numbers, correspond-













































where the momentum index ~ki specifies the momentum given to the ith quark momenta in
each pion:
~p1 = ~k1 + ~k2 (3.49)
~p2 = ~k3 + ~k4 (3.50)
~p3 = ~k5 + ~k6 (3.51)
~p4 = ~k7 + ~k8 (3.52)
If using all-to-all propagators (see Chapter 4) instead of wall-source propagators, Equa-
29



























































The meson field Πijtn,pn arises from the use of all-to-all propagators and it represents the nth
meson with time coordinate tn and momentum pn. There are multiple ways that a pion’s
momentum can be decomposed into quarks’ momenta, in this work we use Table 4.1.
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3.2.2 K → ππ




Q3 = (ψ̄H,αM0,V−Aψα)[(ψ̄βM1,V+Aψβ) + (ψ̄βM0,V−Aψβ) + (ψ̄H,βM0,V−AψH,β)]
Q4 = (ψ̄H,αM0,V−Aψβ)[(ψ̄αM1,V+Aψβ) + (ψ̄βM0,V−Aψα) + (ψ̄H,βM0,V−AψH,α)]
Q5 = (ψ̄H,αM0,V−Aψα)[(ψ̄βM1,V−Aψβ) + (ψ̄βM0,V+Aψβ) + (ψ̄H,βM0,V+AψH,β)]





















































where α, β are color indices and the spin-flavor matrices Mi,V±A are defined as:
M1,V−A = −F1γu(1− γ5) (3.54a)
M1,V+A = −F1γu(1 + γ5) (3.54b)
M0,V−A = F0γu(1− γ5) (3.54c)










Let AI,i represent the correlation function 〈JππI (xπ1 , xπ2)Qi(xop)JK(xK)〉. Similar to ππ scat-
tering, all the Wick contractions are categorized graphically as in Appendix B. The correla-
tion function 〈JππI (xπ1 , xπ2)Qi(xop)JK(xK)〉 is a linear combination of all those contractions,
which are summarized as follows:
































{C1(M1,V+A,M0,V−A)− C4(M0,V−A,M1,V+A)− 2 · C4(M0,V−A,M0,V−A)
+3 · C7(M0,V−A,M1,V+A)− 3 · C10(M1,V+A,M0,V−A) + 3 · C13(M0,V−A,M1,V+A)




{C2(M1,V+A,M0,V−A)− C5(M0,V−A,M1,V+A)− 2 · C6(M0,V−A,M0,V−A)
+3 · C8(M0,V−A,M1,V+A)− 3 · C11(M1,V+A,M0,V−A) + 3 · C14(M0,V−A,M1,V+A)





{−3 · C4(M0,V−A,M1,V+A)− 3 · C4(M0,V−A,M0,V−A) + 3 · C7(M0,V−A,M1,V+A)
+3 · C7(M0,V−A,M0,V−A)− 3 · C10(M1,V+A,M0,V−A)− 3 · C10(M0,V−A,M0,V−A)
+3 · C13(M0,V−A,M1,V+A) + 3 · C13(M0,V−A,M0,V−A)− 3 · C16(M1,V+A,M0,V−A)
−3 · C16(M0,V−A,M0,V−A) + 3 · C19(M0,V−A,M0,V−A)− 3 · C21(M0,V−A,M0,V−A)
+3 · C23(M0,V−A,M1,V+A) + 3 · C23(M0,V−A,M0,V−A)− 3 · C26(M1,V+A,M0,V−A)




{C3(M0,V−A,M0,V−A)− 3 · C6(M0,V−A,M0,V−A) + C2(M1,V+A,M0,V−A)
−3 · C5(M0,V−A,M1,V+A) + 3 · C8(M0,V−A,M1,V+A) + 3 · C9(M0,V−A,M0,V−A)
−3 · C11(M1,V+A,M0,V−A)− 3 · C12(M0,V−A,M0,V−A) + 3 · C14(M0,V−A,M1,V+A)
+3 · C15(M0,V−A,M0,V−A)− 3 · C17(M1,V+A,M0,V−A)− 3 · C18(M0,V−A,M0,V−A)
+3 · C20(M0,V−A,M0,V−A)− 3 · C22(M0,V−A,M0,V−A) + 3 · C24(M0,V−A,M1,V+A)
+3 · C25(M0,V−A,M0,V−A)− 3 · C27(M1,V+A,M0,V−A)− 3 · C28(M0,V−A,M0,V−A)




{−3 · C4(M0,V−A,M1,V−A)− 3 · C4(M0,V−A,M0,V+A) + 3 · C7(M0,V−A,M1,V−A)
+3 · C7(M0,V−A,M0,V+A)− 3 · C10(M1,V−A,M0,V−A)− 3 · C10(M0,V+A,M0,V−A)
+3 · C13(M0,V−A,M1,V−A) + 3 · C13(M0,V−A,M0,V+A)− 3 · C16(M1,V−A,M0,V−A)
−3 · C16(M0,V+A,M0,V−A) + 3 · C19(M0,V−A,M0,V+A)− 3 · C21(M0,V−A,M0,V+A)
+3 · C23(M0,V−A,M1,V−A) + 3 · C23(M0,V−A,M0,V+A)− 3 · C26(M1,V−A,M0,V−A)




{C3(M0,V+A,M0,V−A)− 3 · C6(M0,V−A,M0,V+A) + C2(M1,V−A,M0,V−A)
−3 · C5(M0,V−A,M1,V−A) + 3 · C8(M0,V−A,M1,V−A) + 3 · C9(M0,V−A,M0,V+A)
−3 · C11(M1,V−A,M0,V−A)− 3 · C12(M0,V+A,M0,V−A) + 3 · C14(M0,V−A,M1,V−A)
+3 · C15(M0,V−A,M0,V+A)− 3 · C17(M1,V−A,M0,V−A)− 3 · C18(M0,V+A,M0,V−A)
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+3 · C20(M0,V−A,M0,V+A)− 3 · C22(M0,V−A,M0,V+A) + 3 · C24(M0,V−A,M1,V−A)
+3 · C25(M0,V−A,M0,V+A)− 3 · C27(M1,V−A,M0,V−A)− 3 · C28(M0,V+A,M0,V−A)
























































































































































































3.3 From Bare Mi on Lattice to Mi in MS Scheme
Since the effective Hamiltonian is defined in the MS scheme which is different from a bare
lattice QCD formulation, these decay matrix elements are not directly accessible on lattice.
The transformation is needed from 〈ππ|QLati |K〉 to 〈ππ|QMSi |K〉 (which will be described in
later section).
The general procedure to obtain Mi in MS scheme is summarized as in Table 3.2 (and
will be explained in the following sub-sections):
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M lati (Bare Mi on finite volume Lattice)
⇓ LL Factor[19]
Mi in infinite volume, Minkowski space.
⇓ Lat→RI/SMOM NPR matrix
Mi in RI/SMOM scheme
⇓ RI/SMOM→ MS matching matrix
Mi in MS scheme
Table 3.2: Work flow from bare lattice matrix elements to MS decay matrix elements.
3.3.1 LL factor
Though the bare decay matrix elements M lati can be determined from The Euclidean three-
point function 〈Jππ(tππ)Qi(tQ)JK(tK)〉, the Maiani-Testa no-go theorem states that M lati is
not equivalent to the corresponding infinite-volume Minkowski-space decay matrix elements[20].
Then Lellouch and Lüscher showed that there does exist a linear relation between these two
quantities (this factor being LL factor), given that the calculation is done on a finite lattice
and ππ energies are well separated.
To show the derivation of LL factor, let’s first consider the ππ scattering without weak
interaction and we assume the kaon state is degenerate with one ππ state with energy
Eππ = mK . According to Lüscher’s quantization condition[21], the ππ scattering phase shift
δ(p) is:
δ(p) + φ(q) = nπ, (3.55)
where the φ(q) function is analytic function that will be explained in Chapter 5, and p and
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q are determined from:
Eππ = 2
√





If the weak interaction is turned on, it will make two changes to equation 3.55:
• The value of p changes because ππ now mixes with kaon.
• The phase shift function δ(p) changes because kaon is now a new resonance state in
ππ scattering (i.e the process of ππ → K → ππ).
According to first order perturbation theory, the new energy eigenstates have energies of:
W = mK ± |M |, (3.58)





Now we can replace the δ(p) function by δ′(p), p by p + ∆p in equation 3.55, and then
expand all terms in power of weak interaction. The leading terms will cancel, leaving only







































It’s understood that the partial derivative in above equation is evaluated at the kinematic
point as in Equation 3.57. The factor in front of M is the Lellouch-Lüscher (LL) factor
[19][22]. To get the LL factor, we evaluate the φ function and its derivative numerically, and
we used a linear approximation to evaluate the partial derivative of δ: ∂δ/∂p ≈ δ/p at small
p.
Although the LL factor relates the matrix elements in finite and infinite volume, it’s not
the complete finite volume correction. The latter is about examining the effect of replacing
the momentum integration by Poisson summation, which is a separate topic. While the LL
factor gives the leading 1/L2 corrections, there are also exponential corrections ∼ e−mπL
which can be estimated using chiral perturbation theory.
3.3.2 Non-perturbative Renormalization (NPR)
After we have calculated the lattice matrix elements in infinite volume, the next step is
to build the decay amplitude 〈ππ|HW |K〉 from those matrix elements. This is not trivial
because we don’t know the Wilson coefficient needed to multiply each of the bare lattice
∆S = 1 operator. Instead we must use the Wilson coefficients that have been calculated
in the MS[9], and then determine the conversion relation which transforms the operators
from lattice theory to those in the MS scheme, at the same energy scale where the Wilson
coefficients are calculated.
In order to determine the conversion relation, we use an intermediate renormalization













where QLatk is the bare lattice matrix operator (in the following text, Qk stands for Q
Lat
k by
default). The conversion matrix ZRI→MS is worked out in [23]. The other matrix ZLat→RI is
obtained from an additional lattice calculation. The renormalization condition of RI scheme
requires that the amputated Green’s function containing the RI operators with given external
momentum eigenstates take on their tree level values:
PjΓ
RI(QRIi ) = PjΓ
tree(Qi), (3.64)
where the Pj are projector operators in spin, color, and flavor space; Γ(Qi) is the amputated
Green’s function Γ containing the operator Qi, and the superscript tree means evaluated
at tree level or in the αs → 0 limit. The renormalized amputated Green’s function ΓRI is





where Zq is the quark wave function renormalization constant. Combining equation (3.64)









Mij = PjΓ(Qi) (3.67)
The matrix (PkΓ
tree(Qi)) can be worked out by hand, while Zq and the matrix M are
calculated on the lattice. The tree level results are in Table 3.3 and 3.4.
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3072 3072 0 0 0 0 0
537.6 -230.4 1152 0 0 0 0
-230.4 537.6 384 0 0 0 0
0 0 0 1152 384 3456 1152
0 0 0 384 1152 1152 3456
0 0 0 1152 384 0 0
0 0 0 384 1152 0 0




134.4 -57.6 0 0
-57.6 134.4 0 0
0 0 288 96
0 0 96 288
288 96
96 288
Table 3.4: Tree level mixing matrix (parity-even or parity-odd) Fij = PjΓ
tree(Qi), using /q
projectors {Pj}. The elements outside the three sub-blocks are not considered since the NPR
is done separately for the three sub-blocks.
The set of operators used are the chiral basis Q′1−7:
Q′1 = 3Q1 + 2Q2 −Q3 (3.68a)
Q′2 = (2Q1 − 2Q2 +Q3)/5 (3.68b)
Q′3 = (−3Q1 + 3Q2 +Q3)/5 (3.68c)
Q′4 = Q5 (3.68d)
Q′5 = Q6 (3.68e)
Q′6 = Q7 (3.68f)
Q′7 = Q8 (3.68g)
where the right hand side Q1−10 are from Equation 2.40. These 7 operators are in three





QCD interaction doesn’t mix these three groups with each other in the chiral limit.
Depending on the projectors used to define Zq and matrix M , there are four different RI
schemes: (γµ, γµ), (γµ, /q), (/q, γµ), (/q, /q), where the first γµ//q corresponds to the set of pro-
jectors Pi and second γµ//q denotes the scheme for wave function renormalization.
Parity transformation can be used to show that the projectors Pi can be defined us-
ing either the parity even part or equivalently the parity odd part. For simplicity, all the
projectors are expressed in terms of:
P
V V±AA,γµ
(1),f ′ = δff ′δijδkl × [(γν)βα(γν)δγ ± (γ5γν)βα(γ5γν)δγ] (3.69a)
P
V V±AA,γµ
(2),f ′ = δff ′δilδkj × [(γν)βα(γν)δγ ± (γ5γν)βα(γ5γν)δγ] (3.69b)
P
±V A−AV,γµ
(1),f ′ = δff ′δijδkl × [±(γν)βα(γ5γν)δγ − (γ5γν)βα(γν)δγ] (3.69c)
P
±V A−AV,γµ
(2),f ′ = δff ′δilδkj × [±(γν)βα(γ5γν)δγ − (γ5γν)βα(γν)δγ] (3.69d)
P
V V±AA,/q
(1),f ′ = δff ′δijδkl × [(/q)βα(/q)δγ ± (γ5/q)βα(γ5/q)δγ]/q2 (3.69e)
P
V V±AA,/q
(2),f ′ = δff ′δilδkj × [(/q)βα(/q)δγ ± (γ5/q)βα(γ5/q)δγ]/q2 (3.69f)
P
±V A−AV,/q
(1),f ′ = δff ′δijδkl × [±(/q)βα(γ5/q)δγ − (γ5/q)βα(/q)δγ]/q2 (3.69g)
P
±V A−AV,/q
(2),f ′ = δff ′δilδkj × [±(/q)βα(γ5/q)δγ − (γ5/q)βα(/q)δγ]/q2, (3.69h)
where the α, β, δ, γ are the 4 spin indices, i, j, k, l are the corresponding 4 color indices. These








Figure 3.2: Open indices for the four-quark Green’s function Γ.










































































































































































for the parity odd part. As an example, when calculating the matrix element M11 in the
parity-even (γµ, ∗) scheme, we first evaluate the correlation function:
〈A〉αβγδ,ijkl = 〈Q′1(x)e−i2(p2−p1)xsαi (p1)d̄βj (p2)uγk(p1)ūδl (p2)〉. (3.74)
Note that we only need the parity-even part of Q′1 because the projectors are parity-even















S(x; y)† = γ5S(y;x)γ5, (3.76)
has been used to switch the source and sink. S(p) is the momentum-source-momentum-sink
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propagator, with momentum p. Finally the matrix elements M11 is:
M11 = P1Γ(Q
′
1) = [〈A〉]αβγδ,ijklamp × δijδkl × [(γν)βα(γν)δγ + (γ5γν)βα(γ5γν)δγ]. (3.77)
Until now we haven’t considered the mixing between the dimension-6 operator and
other lower dimension operator. In this work, we considered the following dimension-3 and
dimension-4 operators:

























i + Ci1B1 + Ci2B2 + Ci3B3 (3.81)




× δij × Γαβ = 0 (3.82)(





× δij × Γαβ = 0 (3.83)(





× δij × Γαβ = 0, (3.84)
where Γ = 14×4 if we are using parity-even projectors and Γ = γ5 if we are using parity-odd
projectors.
The wave function renormalization constant Zq is computed by imposing the RI renor-
malization condition on the quark bilinear operator [24] (take Zq in the γµ scheme with a
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parity-even projector, as an example):
1
48














and the index B and R denote the bare quantity and the renormalized quantity respectively,
and ZV is the renormalization constant for the local vector current (and ZA for axial-vector
current similarly). Combining Equations 3.85 and 3.86, Zq is:
Zq = ZV ∗ (
1
48
Tr[ΛµV,B(p1, p2)γµ]) ≡ ZV ∗ ΛV (3.87)
Similarly Zq could be defined using ZA and axial-vector quark bilinear operator:
Zq = ZA ∗ (
1
48
Tr[ΛµA,B(p1, p2)γµ]) ≡ ZA ∗ ΛA (3.88)




(ZV ∗ ΛV + ZA ∗ ΛA), (3.89)
where the ZV and ZA value are taken from [25]. The full NPR results in this work are
measured on 100 configurations from the 2+1 flavor ensemble, with lattice size 323× 64 and
the IDSDR gauge action at β = 1.75 [1]. The results are given in Tables C.1 and C.2
As can be seen from the procedure, the 7-by-7 ZLat→RI = (Zq)
2(PΓtree(Q))(M−1) matrix
depends on the set of projectors we use. However the ZRI→MS matching matrix also depends
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jk , is independent of our choice of projectors, up to the higher
order terms that are neglected in the perturbation theory calculation of the ZRI→MS matrix.
To evaluate the systematic error in the NPR matching procedure, we computed the set









i , i ∈ {1, 2, 3, 5, 6, 7, 8}, (3.90)
using the four different intermediate RI schemes. Note that the set {Qi|i = 1, 2, 3, 5, 6, 7, 8} is
not the chiral basis, it is related to the 7-operator chiral basis by Equation 3.68. The results
for all four schemes CLati are given in Table C.4 and C.5. In Table C.6 we give the difference
between the (γµ, γµ) and (/q, /q) schemes with jackknife errors which we use to estimate the
systematic error in the Lat→ MS operator matching procedure.
3.4 Computing Wilson Coefficients
The Wilson coefficients in the MS scheme are calculated in [9]. The procedure is complicated
and it needs special care to properly omit terms of higher order terms in α, αs. Here we just





































and N is the number of colors, f is the number of active quark flavors. The other unknown
parameter Λf in Equation 3.91 is determined from the matching condition:
α(5)s (Mz) = 0.1185 (3.95)
α(5)s (mb) = α
(4)
s (mb) (3.96)
α(4)s (mc) = α
(3)
s (mc) (3.97)
The Z-boson mass and α
(5)
s (Mz) are input from PDG booklet [26] . From the above three con-
ditions, Λf (f = 3, 4, 5) are determined. The result for α
(3)
s (µ = 1.53GeV) is then calculated
and used in calculating MS Wilson coefficients at 1.53 GeV.
Chapter 4
Measurement Methods
In this chapter we discuss the details of several measurement techniques, including G-parity
boundary conditions and all-to-all propagators. The G-parity boundary conditions give
physical relative momenta to the pions in the final I = 0 state, while the all-to-all propagators
suppresses fluctuation in vacuum diagrams and reduce propagator inversion.
4.1 G-parity boundary condition
In the physical K → ππ decay, each of the two pions in the final state carries a non-zero
momentum. This results in a large difficulty if we use periodic boundary conditions. In
that case the single pion ground state has zero momentum and two-pion ground state is
much lighter than kaon mass. G-parity boundary conditions provide a solution because a
pion acquires a minus sign under the G-parity transformation. In other words, pions will
satisfy anti-periodic boundary conditions if G-parity boundary conditions are imposed on
the quark. So the single pion state with momentum p = 0 is eliminated and it now carries





A G-parity transformation is a combination of an isospin rotation by 180 degrees about
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where C, in our conventions, is −γ2γ4. The SU(2) isospin symmetry is preserved by G-parity
transformation and three pion states are all G-parity odd:
Ĝ(π̂+) = −π̂+ (4.3)
Ĝ(π̂−) = −π̂− (4.4)
Ĝ(π̂0) = −π̂0 (4.5)
So the corresponding components of the momenta of the pions are (2n + 1)/L, where n is
an integer and L is the spatial size of the lattice. The ground state pion will carry the
momentum of magnitude
√
ntw · π/L where ntw is the number of G-parity boundary twists,
the number of spatial directions in which G-parity boundary conditions are imposed. The
number of G-parity boundary twists and the volume of the lattice have been chosen so that
the energy of the two-pion (I=0) ground state Eππ is very close to the kaon mass MK , which
corresponds to the physical decay that we are trying to achieve.
These physical kinematics do not come for free. In the first place G-parity boundary
conditions make the evolution of the gauge ensemble slow, since they make the fermion
determinant (see Equation 3.9) hard to evaluate. The usual pseudo-fermion method (see
Chapter 16 of Ref [16]) in Hybrid Monte Carlo algorithms is no longer easy to use since
the up and down quark are now combined into one flavor in the fermion determinant, while
the pseudo-fermion method only works if there are even number of equivalent quark flavors
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(another method called Rational Hybrid Monte Carlo [27] is therefore needed for the light
quarks). Besides the difficulty in gauge field evolution, G-parity boundary conditions also
introduce several difficulties to measurements. These include:
• Extra Wick contractions
• Broken cubic symmetry
• Special treatment for the kaon
4.1.1 Extra wick contraction
Extra Wick contractions are needed because the G-parity transformation mixes the two
isospin partners. As a simple example, the pion correlation function becomes:
〈ππ〉 = ūγ5d d̄γ5u+ ūγ5d d̄γ5u , (4.6)
where the first term is the usual contraction term, while the second term arises because the
quark lines could cross the G-parity boundary. Thus a d quark could change flavor and
contract with a u quark as shown in Figure (4.1). This extra contraction will not change
the SU(2) isospin quantum number since u and d have the opposite isospin. Because the G-
parity boundary mixes the two quark flavors, the number of possible Wick contractions grows
rapidly as the correlation function becomes more complicated. For example, the 〈ππ|Hw|K〉
matrix element could contain as many as 256 different contractions.
4.1.2 Broken cubic symmetry
G-parity boundary conditions also put constraints on the quarks’ momenta, which break






Figure 4.1: G-parity boundary mixes the two quark flavors.
anti-periodic boundary conditions in a double-sized lattice, since
u(x+ 2L) = −γ4γ2d̄T (x+ L) = −u(x), (4.7)




, with n an integer, in
each of the spatial directions with G-parity boundary conditions. Besides that constraint,
there is also constraint on the momentum direction. This can be seen by writing down a





using the two-component field notation introduced by Chris Kelly, combining the two SU(2)






. The field ψ
transforms when passing through the G-parity boundary as:
ψ(Lz) = iσ2ψ(0) (4.9a)
ψ̄(Lz) = −iψ̄(0)σ2, (4.9b)
And the translation operator Tz shifts the field operator by one unit:
Tzψ(z)T
−1
z = ψ(z − 1). (4.10)
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The definition given in Equations 4.9 and 4.10 are dictated by the requirement that the
fermion action is invariant under translation.




{e−ipznzψ(nz) + iσ2e−ipz(nz+Lz)ψ(nz)} (4.11)




Translating in z-direction by one unit, the two components just to the left and right of the
G-parity boundary in equation (4.11) will transform into each other, with the overall phase





, equation (4.11) becomes




With three G-parity twists, the prefactor in equation (4.13) changes from (1 + (−1)nzσ2) to
(1 + (−1)nxσ2)(1 + (−1)nyσ2)(1 + (−1)nzσ2). Since (1 − σ2) is orthogonal to (1 + σ2), all
the nx, ny, nz must have the same parity, otherwise ψ̃(pz) vanishes. Figure (4.2) shows the







No G-parity twist 1 G-parity twist 2 G-parity twists
Figure 4.2: Large black dots: allowed quark momentums with periodic boundary conditions;
small red dots: allowed quark momentums with G-parity boundary conditions.
A consequence of this momentum constraint is that the cubic symmetry of the fermion
action is broken. Fortunately this doesn’t break the cubic symmetry of pion operator sig-
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nificantly. Even though the quarks are required to carry momenta only in the ’diagonal’
direction as shown in Figure (4.2), the pion’s momentum is not constrained in this way and
G-parity boundary conditions are the same as anti-periodic boundary conditions for the pion.
Given a pion momentum, there are multiple ways to distribute the momentum between the
pion’s two quark components. In this work, two different quark momenta configurations are
averaged for each unique pion momentum as in Table 4.1.
Pion momentum quark momenta, choice 1 quark momenta, choice 2
( 2, 0, 0) ( 1, 0, 0) + ( 1, 0, 0) (-1, 0, 0) + ( 3, 0, 0)
(-2, 0, 0) (-1, 0, 0) + (-1, 0, 0) ( 1, 0, 0) + (-3, 0, 0)
( 2, 2, 0) ( 1, 1, 0) + ( 1, 1, 0) (-1,-1, 0) + ( 3, 3, 0)
(-2,-2, 0) (-1,-1, 0) + (-1,-1, 0) ( 1, 1, 0) + (-3,-3, 0)
(-2, 2, 0) ( 1, 1, 0) + (-3, 1, 0) (-1,-1, 0) + (-1, 3, 0)
( 2,-2, 0) (-1,-1, 0) + ( 3,-1, 0) ( 1, 1, 0) + ( 1,-3, 0)
( 2, 2, 2) ( 1, 1, 1) + ( 1, 1, 1) (-1,-1,-1) + ( 3, 3, 3)
(-2,-2,-2) (-1,-1,-1) + (-1,-1,-1) ( 1, 1, 1) + (-3,-3,-3)
(-2, 2, 2) ( 1, 1, 1) + (-3, 1, 1) (-1,-1,-1) + (-1, 3, 3)
( 2,-2,-2) (-1,-1,-1) + ( 3,-1,-1) ( 1, 1, 1) + ( 1,-3,-3)
( 2,-2, 2) ( 1, 1, 1) + ( 1,-3, 1) (-1,-1,-1) + ( 3,-1, 3)
(-2, 2,-2) (-1,-1,-1) + (-1, 3,-1) ( 1, 1, 1) + (-3, 1,-3)
( 2, 2,-2) ( 1, 1, 1) + ( 1, 1,-3) (-1,-1,-1) + ( 3, 3,-1)
(-2,-2, 2) (-1,-1,-1) + (-1,-1, 3) ( 1, 1, 1) + (-3,-3, 1)
Table 4.1: quark momenta used to construct pion momentum eigenstate. Upper part: one
spatial G-parity boundary; Middle part: two spatial G-parity boundaries; Lower part: three
spatial G-parity boundaries. All numbers are in units of π
2L
. The final pion momentum
eigenstate we use is the average of choice 1 and choice 2.
As can be seen from the Table 4.1, the cubic symmetry breaking at the quark level
affects the pion operator in a subtle way: pion operators with diagonal momentum (the
(2,2,2) entry and (-2,-2,-2) entry) can have two quarks each carrying the same momentum,
while pion operators with off-diagonal momentum can’t. The subtle difference in the quark
composition of pion momentum eigenstates is caused by the G-parity boundary conditions
and should be exponentially suppressed when the lattice volume becomes large, due to the
short distance nature of the strong interaction. The reason to use the average of 2 quark
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momenta distribution for every pion momentum is to further reduce this cubic symmetry
breaking effect at pion level.
On the 323×64 ensemble that we are using, that single pion states with minimal momenta
are all degenerate as can be seen from Table 4.2. So we are unable to see any evidence of
this cubic symmetry breakdown.
p=(2,2,2) p=(-2,2,2) p=(2,-2,2) p=(2,2,-2)
Eπ 0.19852(85) 0.19823(82) 0.19839(72) 0.19866(88)
Zπ 6.167(69)e+06 6.081(63)e+06 6.183(50)e+06 6.170(61)e+06
Table 4.2: The pion energy and two-point function normalization, with different momentum
directions. Components of p are in unit of π
2L
. Measured on 24 configuration.
Another test of cubic symmetry at pion level is by checking the orthogonality of the








{3(+ + +)	 (−+ +)	 (+−+)	 (+ +−)}, (4.15)
where ’+’ and ’-’ in each parenthesis indicates the momentum orientation for one of the
two pions, the momentum for the other pion is exactly opposite to the first pion and is
not written out in the expression. These 2 states are only orthogonal if cubic symmetry is
preserved, because they belong to different representations of the cubic group. The observed
orthogonality is at sub-percent level as in Figure 4.3.
4.1.3 Special treatment to Kaon
In Chapter 3, we introduced the G-parity counterpart of strange quark s′, and the zero-
momentum kaon state under G-parity boundary condition, in Equation 3.27. However,
for the weak Hamiltonian HW , we used the traditional definition without introducing the
fictional s′ quark, which results in an extra factor of
√

















































This is because only half of the kaon source couples to the weak Hamiltonian. Only i√
2
d̄γ5s
part of kaon source can be absorbed by Hw.
4.2 All-to-all propagators
A major difficulties in K → ππ(I = 0) calculation is the bad signal-to-noise ratio, due
to the disconnected graphs (e.g. the Vacuum graph in Table 3.1 and Type 4 graphs in
Appendix B). Because there are no quark lines joining the initial and final two parts, the
noise from these graphs doesn’t fall exponentially as the time extent grows, but the signal
does. One way to reduce the fluctuation in these graphs is to use better meson interpolating
operators that have a better overlap with ππ ground state, reducing the fluctuation due to
unphysical coupling with vacuum. In our previous threshold K → ππ(I = 0) calculation
[28], the pion interpolating operator is wall-like, where the two quarks in each pion are both
distributed over the whole spatial extend and are linked by gauge links to make a gauge
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invariant operator. Since the actual size of a pion is less than the lattice size (for example,
on the 32nt64 ensemble, mπL ≈ 3), the wall-like ππ operator introduces unphysical coupling
with the vacuum.
All-to-all propagators provide a way to reduce this unphysical uncoupling. In Ref [29], we
explored this technique on a 163 × 32 (in later text, it’s abbreviated as “16nt32”) ensemble
without G-parity boundary conditions, and observed a factor of 2 decrease in error bars
of Eππ(I=0) and Im(A0), compared to the result using wall-like meson operators. Detailed
comparison is presented in Appendix D.
4.2.1 General idea
All-to-all propagators provide a way to approximate the quark propagatorG(x, y) ≡ D−1(x; y)
with any combination of x and y without inverting the Dirac operator for each choice of y.
Suppose we have a random vector ~η with all its component ηx being mutually independent.
By definition the correlation matrix is a unit matrix:
〈ηxη∗y〉 = δxy (4.17)
Using this relation, the quark propagator G(x; y) with an arbitrary combination of x and y






y ≈ D−1(x;x′)δx′y = D−1(x; y) = G(x; y), (4.18)
or equivalently,
D−1 ≈ (D−1~η)⊗ ~η†, (4.19)
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where the approximation becomes exact if we sample an infinite number of independent ~η







(D−1~η i)⊗ ~η i†. (4.20)
Though they can be used to calculate propagators from all points to all points, all-to-
all propagators introduces noise because the use of the random vector ~η. To reduce the
variance, we can use those eigenvectors with small eigenvalues to construct the low energy

















where Nev is the number of low eigenvectors of the Dirac operator which are used and λ
i are
the corresponding eigenvalues. Nev and Nhit can both be adjusted depending on how much
precision we want for the low and high energy parts. For simplicity, we will call the fermion
vectors in the set {hi
λi
, D−1deflate~η
j} as ~v, call those in the set {hi†, ηj†} as ~w†. Both ~v and ~w
are fermion vectors with indices identify the correspond mode or hit number.
4.2.2 Definition of ~v and ~w vectors
Until now, we have been describing the general idea of all-to-all propagators. In this work,
the ~v and ~w vectors are defined in the context of preconditioned Dirac operator. For example
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The inverted Dirac operator is then:
D−1DWF =










The Lanczos algorithm is then used to calculate the low eigenvectors (low-modes) of the
Hermitian operator (D†ooDoo)
−1. By separating out the low-mode contribution of D†ooDoo,
we can write D−1DWF into two parts:
D−1DWF = A+B
A =






























Where A is the low mode part, B is the high mode part. Finally the two sets of vectors {vi}
and {wi} in all-to-all propagators are defined as:
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For i = 1, 2, · · · , Nlow (low-mode part):
vi =















For i = Nlow + 1, Nlow + 2, · · · , Nlow +Nhigh (high-mode part):
vi =















When using the Möbius Dirac operator instead of Shamir Dirac operator, a similar idea
is applied to define ~v and ~w vectors but we must include the additional D− operator.
D−1MDWFD− =











































For i = 1, 2, · · · , Nlow (low-mode part):
vi =

















For i = Nlow + 1, Nlow + 2, · · · , Nlow +Nhigh (high-mode part):
vi =















Note that the eigenvectors of (D†ooDoo)
−1 with small eigenvalues are not only necessary to
compute the low-mode ~v and ~w vectors, but they also project out the low mode part of
(D†ooDoo)






i being smaller than (D
†
ooDoo)
−1. This will reduce the CG iteration number when
solving for the high mode ~v vectors. The speed-up due to projecting out low-mode in
(D†ooDoo) can be seen from Figure 6.1 for the 32nt64 ensemble, and Figure 5.1 for the 16nt32
ensemble.
4.2.3 Lanczos Algorithm
The Lanczos algorithm is used to find the low modes of the preconditioned operator D†ooDoo,
which are then used to construct the all-to-all propagators as described in above. When
finding eigenvectors of a Hermitian matrix A, the Lanczos algorithm makes a guess for
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a set of vectors {~hi|i = 1, 2, · · · ,M}, and iteratively improves them (also known as im-
plicit restart) until they are close enough to the true eigenvectors in the Krylov space
{~v0, A~v0, A2~v0, · · · , AN−1~vN}, where v0 is a random vector and M < N . Lanczos algo-
rithm is most efficient when the eigenvalues are large and well separated. There are three
important parameters we can tune to speed up the Lanczos algorithm: α, β, and the order of
Chebyshev filter n. They are used to construct a new matrix Tn(q(A)), which is a polynomial
of the original matrix A, such that the eigenvalues of A within the range (β, α) correspond
to very small ( 1) eigenvalues of Tn(q(A)), while the other eigenvalues correspond to large
and well separated eigenvalues ( 1) of Tn(q(A)). The Chebyshev filter makes it easier to
find the eigenvectors of A, which have eigenvalues in the range of (0, β) and (α,∞).
q(A;α, β) =
(A2 − β2) + (A2 − α2)
(β2 − α2) (4.23)
Tn(q(A)) = 2q(A)Tn−1(q(A))− Tn−2(q(A)) (4.24)
T1(q(A)) = q(A) (4.25)
The larger n is, the fewer iteration of implicit restart. But the time in each implicit restart
increases because the time complexity of multiplying a vector by Tn(q(A)) is O(n). α and
β values are usually chosen so that α exceeds the largest eigenvalue of A by ≈ 10%, and β
exceeds the largest desired eigenvalue by ≈ 10%. If β or α is chosen too large, the degeneracy
of eigenvectors is not broken down enough at small eigenvalues (Figure 4.4 and 4.5), which
slows the Lanczos method since it takes more iterations to distinguish the near-degenerate
eigenvectors.
Since the range of eigen values of (D†ooDoo) is not known prior to running Lanczos, it


























Figure 4.4: The eigen value and its mapped value. Mapped eigen-values in each curve are
scaled (multiply by a factor) such that the largest value is 1. Chebyshev-Polynomial order























Figure 4.5: The eigen value and its mapped value. Mapped eigen-values in each curve are
scaled (multiply by a factor) such that the largest value is 1. Chebyshev-Polynomial order
n = 50, β = 0.1
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4.2.4 Construction of meson field







where x and y are indices representing space, time, spin, and color. (Note that in the
presence of G-parity boundary conditions, x and y will also contain flavor indices.) The
approximation sign is from the use of random vectors in the high energy part.
One obvious advantage of all-to-all propagators is that it saves the CG time. When using
the traditional method to calculate a momentum wall source quark propagator, we need one
solve for each quark momentum:





where p is the quark momentum. In contrast, an all-to-all propagator does not need any extra
solves for multiple quark momenta, because it already contains the propagation information
from an arbitrary source point to an arbitrary sink point, up to random noise[29]:





and the quark momentum are included by doing a Fourier transform:








The above equation is for a momentum-source-point-sink propagator, while the momentum-
source-momentum-sink propagator requires a Fourier transform on x′ also. As can be seen
from this equation, different quark momenta amount to different Fourier transforms, and no
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extra inversion of the Dirac operator is needed, only the sum over modes must be performed
for each choice of p. In the presence of G-parity boundary in 3 spatial directions, the allowed
quark momenta are p = (n1, n2, n3)
2π
L
± (1, 1, 1) π
2L
with ni being integers, and it turns out
that we need to use at least 4 of them to construct a two-pion operator which has the greatest
degree of cubic symmetry. In our current K → ππ(I = 0) measurement job, with the use of
all-to-all propagators, it takes 30% of the total time to compute the light quark propagator
with only one momentum (on all 64 time slices). It’s obvious that using all-to-all propagators
saves a significant amount of computational time.
Once we have calculated the ~v vectors and ~w vectors, we can build the meson fields. As
an example, the pseudo-scaler correlation function between two time slices is:
∑
x,y






















Here repeated indices are summed, and the summation on x and y is over their spacial
indices, leaving the correlator as a function of time. The meson field Π in (4.30) is actually
a point-like meson, in which the two quarks are right on top of each other. In order to make
a better overlap with the meson ground state, we can allow some displacement between the
two quarks, link them by Coulomb fixed color matrix S(x), and weight the operator by a








Here the γ5 spin matrix comes from that in the pion interpolating operator.
Because the φ function depends only on the distance between x and x′, we can use a fast
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where V is the spatial volume, the w̃ and ṽ are the gauge-fixed and Fourier transformed



















where the color indices a, b, c are written out explicitly.
With G-parity boundary conditions, the w vector and v vector contain the two flavor
components and the quark momentum phase factor, and the γ5 spin structure in the meson


















w̃i†(~p− ~k1)σ3γ5ṽj(~p+ ~k2)φ̃(~p), (4.37)
The trivial meson field wave function φ(r) = 1 corresponds to the wall-source-wall-sink
quark propagator. A better choice is a localized wave function, for example a hydrogen wave
function like:
φ(|x− x′|) = e−|x−x′|/r (4.38)
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The parameter r controls the size of the meson and needs some tuning. As can be seen
from Figure (4.6): when choosing a too small meson size r, the excited states contamination
becomes worse (left figure); when choosing a too large meson size, the signal becomes worse
because the ππ(I = 0) state now has a large overlap with vacuum and the disconnected


























































Figure 4.6: Eππ measured on 16nt32 Iwasaki+DWF ensemble with periodic boundary con-
dition. Left: ππ(I = 2) effective mass plot. Right: ππ(I = 0) effective mass plot.
Though it brings advantages, this use of all-to-all propagators could easily introduce
systematic error due to unexpected correlation between random numbers. For example,







where for simplicity the spin-color indices are hidden. The summation over mode indices i
and j are supposed to produce the delta function:
∑
i,j
wi(x′′)wi†(x)wj(x′′′)wj†(x′) ≈ δ(x′′ − x)δ(x′′′ − x′), (4.40)
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so that the approximation holds on the second line of equation (4.39). But equation (4.40)
is not totally true, in fact:
∑
i,j





≈ δ(x′′ − x′)δ(x′′′ − x) + 1
N
δ(x′′ − x′)δ(x− x′′′), (4.41)
where N is the number of random hits. The second term in equation (4.41) is not expected






wj(x) = δjtxw(x) (4.43)
Each of the diluted random vector {w1, w2, · · · , wT} is inverted, generating T pairs of {wj, vj}




~vi ⊗ ~wi† (4.44)
After dilution, the product of wix1 and w
i†
x2 will be exactly zero (not by statistic), as long as
x1 and x2 are not on the same time slice. The systematic error in equation (4.39) will be
eliminated for those x and x′ on different time slices.
4.2.5 K → ππ correlation functions using all-to-all propagators
When using all-to-all propagators to calculate the K → ππ decay amplitude, because of γ5-
Hermiticity (see Equation 3.76) in our lattice propagators, we can choose which end is the
































Figure 4.8: Measured correlation function corresponds to Figure 4.7
4.7 shows two ways of doing the contraction, shaded boxes are where we have used random
numbers. Note that in order to avoid the systematic error as in (4.41), the shaded boxes are
put on different time slices except for the one on the only strange quark propagator (in red).
This doesn’t introduce systematic error because the w random vectors for the strange quark
are independent of those for the light quark. The left panel and right panels in Figure 4.7
show two ways to calculate the K → ππ correlation functions. The right panel turns out
to be a much better way. The lesson is that when using all-to-all propagators it is best to
locate as few random sources as possible at the four-quark operator. Figure 4.8 shows how
large the improvement is.
Another unexpected difficulty is the large computational cost of evaluating the K → ππ
contraction, which arises from the large number of modes in the all-to-all propagators. Take
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K lmtK , (4.45)
where the Π and K on the second line are the meson fields for pion and kaon respectively.
Taking into account the summation over xop and the time translations of kaon and pipi fields,
the computational time is proportional to (Number of Modes)2× (Volume)× (T size)× 242.
The trailing 242 is the size of the spin-color-flavor matrix in each of the traces Tr{· · · }. In
the production run on our 32nt64 ensemble (see Chapter 6), the total number of modes for
light quark is 2436, volume is 323 × 64, T is 64. The total computational cost of evaluating




Once we have the lattice correlation functions, we can extract out physical parameters using
regression analysis. For example, we have the measured pion correlation function C(t) and
another analytic function f(t, θ) expected to describe C(t). We use the quantity χ2 as a




[f(t1, θ)− C(t1)]V −1(t1, t2)[f(t2, θ)− C(t2)], (4.46)
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where





(Cit1 − C(t1))(Cit2 − C(t2)), (4.47)
t1,t2 are two numbers within the fitting range, i is the index of measured configuration. The
parameter(s) θ in f(t, θ) that gives the minimum χ2 is the result of regression. In the case
of pion correlation function, f(t, θ) = Zπ(e
−t·mπ + e−(T−t)·mπ) and θ contains the pion mass
and norm of the pion state.
4.3.2 Jackknife resampling
Regression analysis gives the expected values of parameters, but not the distribution. The
jackknife procedure is a way to estimate the standard deviation of parameters. If the sample
S has a size of N , jackknife resampling first generates N sub-samples Si, i ∈ 1, 2, · · · , N ,
where each Si are drawn from the original sample S but with the ith element left out. For
each Si, we can then do the usual regression analysis and get the result θi. Finally the mean












(θi − θ̄)2 (4.49)
Chapter 5
Results from 163 × 32× 16 Lattice
Because of the complexity of the K → ππ project, we did a first trial calculation on a small
163×32×16 lattice. The pions and kaons are both unphysical but the calculation is relatively
cheap and it serves as a playground to test the all-to-all propagators and G-parity boundary
conditions.
5.1 Gauge Ensembles
The ensembles were generated using the Iwasaki gauge action with β = 2.13 (corresponding
to the inverse lattice spacing a−1 = 1.73(3)GeV [2]), and 2+1 dynamical flavors of Domain
Wall Fermions (DWF). The lattice size is 163 × 32 with the fifth dimension of size Ls = 16.
The sea quark masses are mu/d = 0.01 and ms = 0.032. These parameters are chosen to
match a previously generated ensemble described in Ref. [2]. Although in Ref. [2] a heavier
strange quark mass 0.04 is used, that ensemble was later extended using a lighter strange
quark mass 0.032, to make the kaon more physical.
With this setup, we generated three ensembles with G-parity boundary conditions in 1,




In all 3 ensembles, Shamir kernel with Ls = 16 is used for the 5D Dirac operator. The
temporal boundary conditions are all anti-periodic. The light quark all-to-all propagators
contain 100 low modes, for high mode part we use 1 random hit on each lattice site with
time-spin-color-flavor dilution. So the total number of ~v vectors (as so is ~w vectors) in light
quark all-to-all propagators is 100 + 32 ∗ 12 ∗ 2 = 868. For the strange quark, we use the
same setup for high mode part as is used in the light quark all-to-all propagators, but no low
modes are used. Coulomb gauge fixing on each time slice is used to construct gauge invariant
pion interpolating operators. The Lanczos algorithm uses the parameters α = 5.5, β = 0.5
and Chebyshev order n = 100.
The number of low modes is chosen such that the low mode deflation no longer reduces
the CG iteration number significantly as in Figure 5.1. Since CG iteration number depends
on the condition number (ratio of the largest eigenvalue to the smallest eigenvalue) of the
matrix to be inverted, Figure 5.1 also indicates that further increasing the number of low

























Number of low modes
Figure 5.1: CG iteration number depending on number of low modes used for deflation.
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The number of random number hits is always chosen as 1 throughout this work, this
is suggested by experimenting with various number of random hits. We have used 1 to 4
random hits on the most noisy vacuum graphs in ππ(I = 0) scattering and compare the
error bar in the resulting ππ(I = 0) energy. The experiment is done on the G-parity 1-twist
ensemble, the two points in the ππ source are separated by 4 time slices (as are those in the
sink ππ), and the ππ correlator are measured on 560 configurations. The result is in Table
5.1.





Table 5.1: Eππ dependence on hit number.
The meson field wave functions used for both the kaon and pion are a hydrogen wave
function as in Equation 4.38, with radius 2. More about meson source in all-to-all propagators
is provided in Chapter 4. The quarks’ momenta used in pion are in Table 4.1, and Table 5.2
for kaon.
Kaon momentum quark momenta
( 0, 0, 0) ( 1, 0, 0) + (-1, 0, 0)
( 0, 0, 0) ( 1, 1, 0) + (-1,-1, 0)
( 0, 0, 0) ( 1, 1, 1) + (-1,-1,-1)
Table 5.2: quark momenta used to construct kaon momentum eigenstate. Upper part: 1
spatial G-parity boundary; Middle part: 2 spatial G-parity boundaries; Lower part: 3 spatial
G-parity boundaries. All numbers are in units of π
2L
.
The gauge configurations are evolved in a Hybrid Monte Carlo simulation. The neigh-
bouring configurations are likely correlated which reduces the number of independent samples
and may cause the error to be underestimated. In order to avoid any autocorrelation in the
measured data, we group the data into blocks (also known as binning) and see how the errors
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of the fitted result change as the block size changes. If the error doesn’t constantly go up
as block sizes increases, autocorrelation is not a problem. Table 5.3 shows that as the bin
size increases, the errors go up and then stabilize, showing an autocorrelation length of less
than 10 (Eπ has an autocorrelation length of about 8, Eππ(I=0 has an autocorrelation length
of about 6, Eππ(I=2 has an autocorrelation length of about 8.)
bin size Eπ Eππ,I2 Eππ,I0V Eππ,I0
1 0.3067(8) 0.6503(16) 0.5234(48) 0.3648(293)
2 0.3067(11) 0.6503(22) 0.5233(64) 0.3707(355)
3 0.3067(13) 0.6504(26) 0.5233(76) 0.3681(416)
4 0.3067(15) 0.6503(30) 0.5233(84) 0.3731(413)
5 0.3067(16) 0.6503(32) 0.5233(90) 0.3711(451)
6 0.3066(17) 0.6502(35) 0.5233(97) 0.3708(520)
7 0.3067(18) 0.6504(37) 0.5232(101) 0.3811(525)
8 0.3067(19) 0.6503(39) 0.5233(105) 0.3791(498)
9 0.3065(20) 0.6501(40) 0.5233(114) 0.3638(555)
10 0.3066(19) 0.6503(40) 0.5233(115) 0.3809(632)
Table 5.3: The dependence on bin size. Eππ,I0V is the ππ(I = 0) energy without disconnected
graphs. Measured check point 1000,1001,. . . 1400. pion radius = 2, and split pion operator
with time separation of 4. Un-correlated fitting with a diagonal covariance matrix which
does not vary with jackknife block.
The two-point correlation function behaves as:
C(t) ≡ 〈0|J†X(t)JX(0)|0〉 = Z2X(e−EX t + e−EX(T−t)) + · · · (5.1)
At small time separation t, the two-point correlation function C(t) will contain a non-
negligible contribution from excited states (the dots in above equation). In order to perform
a valid single state fit, we have to make sure the excited states are negligible within the





cosh(Eeff (t) ∗ (T/2− t− 1))
cosh(Eeff (t) ∗ (T/2− t))
(5.2)
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The effective energy plots for the 16nt32 ensemble are in Figure E.1. Excited states
contamination will typically make the effective energy higher, so the appropriate fitting
range is basically where a flat plateau is seen.
5.3 Dispersion Relation
The reason we are using G-parity boundary conditions is that it brings the right kinematics
to the pion and kaon ground state, and it’s crucial to check this. We measured the pion and
kaon energy on the ensembles with 1, 2, and 3 G-parity twists. The result with 0 G-parity
twists is taken from the Ref. [18].
Ensemble 0 G-parity 1 G-parity 2 G-parity 3 G-parity
Eπ 0.24373(47) 0.31029(71) 0.3665(14) 0.4136(21)
EK 0.50729(44) 0.5043(12) 0.50591(70) 0.50445(80)
Table 5.4: Pion and kaon energies measured on ensembles with different number of G-parity
twists. Valence quark mass are ml = 0.01 and ms = 0.099. Number of configurations used
























Number of Gparity directions
Figure 5.2: pion dispersion relation
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From Table 5.4, the kaon mass is statistically the same for different numbers of G-parity
twists. Figure 5.2 shows the expected dispersion relation if the pion indeed satisfies G-
parity, or anti-periodic, boundary condition: Eπ =
√
M2π +Ntw(π/L)
2, where Mπ is from
the Ref. [18].
5.4 Eππ and ππ Scattering Phase Shift
The energy of two-pion state is obtained by fitting the pipi correlator Cππ(t) to the function
Zππ × (e−mππt + e−mππ(T−t)) + const, where the pipi state norm Zππ, mass mππ, and the
constant term “const” are the three parameters of the fitting. The constant term is due to
the around-the-world effect: the pion emitted from one source propagates forward in time
to contract with one sink pion while the other source pion propagate backward in time to
contract with the other sink pion. The fitted pipi energies are given in Table 5.5.
Ensemble 1 G-parity 2 G-parity 3 G-parity
Eππ(I=2) 0.6590(13) 0.7950(28) 0.9258(74)
pI=2 0.22551(56) 0.3174(13) 0.3988(42)
δ2(pI=2) -0.3622(68) -0.515(18) -0.555(40)
Eππ(I=0) 0.531(22) 0.46(14) 1.4(14)
pI=0 0.113(26) 0.00(31) 0.64(76)
δ0(pI=0) 1.11(38) -0.0(34) 0.2(74)
Table 5.5: Eππ and phase shifts. Measured 551, 289, and 165 configurations respectively.
Eππ(I=2,0) and pI=2,0 are in lattice unit a
−1; δI=2,0 is in unit of radian. pI=2,0 are calculated
from pI =
√
E2ππ(I)/4−M2π , and Mπ =
√
E2π −Ntw( πL)2. Ntw is number of G-parity twists.
The pion-pion scattering phase shift is calculated using the 2-particle energy[21]. Ac-
cording to Lüscher’s work, there is a relationship between the energy of two-particle state in
a finite box and ππ scattering phase shift. This is called Lüscher’s quantization condition.
In the case of negligible phase shift in angular momentum quantum number number L > 1
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channel, the L = 0 phase shift δ(p) is determined by:



















n2 − q2 (5.7)
In the last equation S is the set of three component vectors, each component is an integer
in directions with periodic boundary conditions and half integer in directions with anti-
periodic boundary conditions, from which we can see this condition on the scattering phase
shift depends on boundary conditions. Lüscher’s original paper only discussed the case where
all boundaries are periodic, while in [32] the formula is generalized to any combination of
periodic and anti-periodic boundaries. To numerically evaluate the function Z0(1; q2), we
used the formula in Appendix A of [33].
Lüscher’s quantization condition is quite powerful since it doesn’t require knowing the
nature of the interaction beforehand. The only assumption is that lattice size is large com-
pared to the scale of interaction, namely L > 2R where R is the scale of interaction. On the
16nt32 lattice, mπL ≈ 4 which justifies the use of Lüshcer’s quantization condition.
In the I=2 channel pion-pion scattering, the energy Eππ is higher than twice Eπ and the
phase shift is negative, because of the repulsion between the two pions. While in I=0 channel
pion-pion scattering, because of the attraction between the two pions, the energy is lower
than twice Eπ and phase shift is positive (observed from the better resolved 1 G-parity case).
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Also note that the G-parity boundary condition is crucial in calculating the phase shift δ0,
without it the two pions are both at rest and p becomes an imaginary number (Eππ < 2Mπ).
5.5 K → ππ(I = 2) Result with G-parity Boundary and
H-parity Boundary
In this section we describe one of the cross-checks on our measurement code, by comparing
the result using G-parity boundary conditions with that obtained using H-parity boundary
conditions.
When calculating the K → ππ(I = 2) decay amplitude, G-parity is not the only way to
give correct kinematics to the ππ ground state. For example in Ref. [1], anti-periodic spatial
boundary condition is imposed on the d quark only (also known as “H-parity boundary
conditions”), in order to give momentum of π/L (L is the spatial extend of the lattice) for
the charged pions π±.
Note that H-parity boundary conditions cannot be used to calculate the K → ππ(I = 0)
decay. This is because under H-parity boundary conditions, the momentum of π± meson
is odd multiple of π/L while the momentum of π0 meson is even multiple π/L, breaking
the degeneracy between π± and π0. Since the (I = 0) ππ state involves both π± and
π0, it is no longer an energy eigenstate. In this section, we only introduce an H-parity
boundary to compare the K → ππ(I = 2) result between that obtained using H-parity and
G-parity boundaries, as a cross check of the G-parity method. The binary code using H-parity
boundary conditions was written by Hantao Yin, and the corresponding measurement is done
on the same 16nt32 ensemble except without a G-parity boundary [18]. The comparison of
correlation functions is shown in Figures E.2, E.3, and E.4. The comparison of fitted values
are in Table 5.6.












Table 5.6: Fitting results for 〈ππ|Qi|K〉. Upper part: one G-parity (or H-parity) twist;
Middle part: two G-parity (or H-parity) twists; Lower part: three G-parity (or H-parity)
twists. We used a fitting range of T (Qi − ππ) = [4 : 8]. The time separation T (K − ππ) =
12. The number of measurements for G-parity with 1,2,3 twists are 17,73,41 respectively;
Numbers of measurements for H-parity with 1,2,3 twists are 200,106,119 respectively. Time
translation averaging was done on only every 8th time slice for 1 and 2 G-parity twists; Time
translation averaging was done on every time slice for all other measurements.
valance quark masses are ml = 0.01, ms = 0.099. In the G-parity boundary case, because
of using the all-to-all propagators (see Chapter 4), the two pions are separated by 4 in the
time direction with their distances to the kaon of 12 and 16 respectively. These results
show a good agreement between the use of G-parity boundary and H-parity boundary, for
the K → ππ(I = 2) decay. Note that in the H-parity boundary condition case, the quark
field doesn’t involve any two-flavor notation, and the Wick contractions are totally different
from those appearing in the G-parity boundary condition case. Another difference is in the
propagator source: the measurement with H-parity twist are done using a “cosine” wall
source, while the measurement with G-parity are carried out using all-to-all propagators to
construct hydrogen-wave-function-like mesons.
We also carried out the same comparison but replacing the usual DWF by Möbius DWF
with Ls = 16, using 3 G-parity twists and 3 H-parity twists, as in Figure E.5 and Table 5.7.







Table 5.7: Fitting results for 〈ππ|Qi|K〉, with three G-parity (or H-parity) twists. Used a
fitting range of T (Qi − ππ) = [4 : 8]. The time separation T (K − ππ) = 12. The numbers
of measurements for G-parity is 71, while the numbers of measurements for H-parity is 66.
A time translation averaging is done on only every 8th time slice for the G-parity results.
5.6 Free Field Check
In order to further check the propagators and the contraction formula for each correlation
function on G-parity case, we compared the free field (i.e. unit matrix for every SU(3) gauge
link) results with the G-parity boundary and with the usual periodic boundary. These two
results should be identical in the infinite volume limit or in the heavy quark mass limit, since
in both limits the quark propagator can’t go far enough to detect the boundary.
We made the comparison on a free 16nt32 lattice and also on a free 24nt32 lattice, both
with DWF action (no Möbius, Ls = 16), valance light and strange quark are 0.3. With each
lattice size, we used (1 spatial G-parity boundary + 2 spatial periodic boundaries + 113-
degree-twisted temporal boundary) to calculate the full K → ππ(I=0) result, and did the
same thing using (3 spatial periodic boundaries + 113-degree-twisted temporal boundary),
then their comparison on each of the 2-point or 3-point correlation functions are plotted. The
twisted temporal boundary condition is to make those graphs with quark self-loop contribute
to the decay matrix elements. For the K → ππ 3 point function, the kaon to ππ separation
are set to 12. The two pions in the ππ source are separated by 4 time slices. The Meson
field wave functions in all-to-all propagators are point-like (r → 0). In order to compare to
a high precision, no low-modes are used in all-to-all propagators. The random numbers in
high mode part are set all 0 except the sites with x = y = z = 0 are set to 1.
The comparison are shown in Figure E.6 to E.37. From these plots, the results using
G-parity and periodic boundaries agree very well and the agreement on 24nt32 lattice is
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even better than that on 16nt32 lattice, which shows the decreasing effect of the boundary
conditions when volume gets larger.
Chapter 6
Results from 323 × 64× 12 Lattice
After the trial calculation has been conducted on the 16nt32 ensemble with unphysical pion
and kaon masses, we are ready to calculate the physical decay amplitude A0. We descibe
the various optimizations that have been done to speed up the measurement; and then show
the result for pion-pion scattering, the decay amplitude A0, and ε
′/ε; lastly, we estimate the
effect of not having physical kinematics and not directly including charm on lattice.
6.1 Gauge Ensembles
For the physical ensemble, we used 2+1 dynamic flavors of DWF and Iwasaki+DSDR[34]
gauge action, with β = 1.75 and a−1 = 1.379(7)GeV. The lattice size is 323 × 64 × 32. For
the fifth dimension, we have used an improved DWF formalism (the Möbius DWF[17]) and
reduced the Ls from 32 to 12 by choosing the Möbius parameters (b+c) = 32/12, (b−c) = 1.
The sea quark masses are mu/d = 0.0001 and ms = 0.045. All these parameters are chosen
to match the physical pion and kaon masses, found from our earlier ensemble in Ref. [25].
G-parity boundary conditions are applied to all 3 spatial directions, the measured ground




We used the unitary valance quark masses on 216 configurations, and another heavier valance
strange quark mass of 0.0495 on 69 configurations in order to check the dependence of the
final result on the kinematics. These 216 configurations are each separated by 4 units of
molecular dynamics time. The autocorrelation length for K → ππ matrix elements turns
out to be shorter than 4, by looking at the results with different bin sizes, in Table F.1. The
measurements starts on the 300th time unit for equilibrium. Different bin sizes are tried to
make sure there is no auto-correlation. The light quark all-to-all propagators use 900 low
modes and 1 random hit on each lattice site with time-spin-color-flavor dilution. The strange
quark all-to-all propagators use no low modes and the same number of random vectors as
those for the light quark. The Lanczos algorithm uses the parameters α = 15, β = 0.07
and Chebyshev order n = 200. Deflation using the 900 low modes has accelerated the CG























Number of low modes
Figure 6.1: CG iteration number depending on number of low modes used for deflation.
The computation is done on a half-rack IBM Blue Gene/Q computer with the bagel
fermion matrix package [35]. The time for one full measurement is ≈20 hours and breaks
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time
Lanczos (900 eigen vectors) 3.6h
Light quark CG (900 modes deflation) 4.6h
Strange quark CG 2.9h
Gauge fixing 0.33h







Table 6.1: Computational time for one full K → ππ(I = 0) measurement on the 32nt64
ensemble. On 512-node IBM Blue Gene/Q computer.
down into the times shown in Table 6.1. Several optimizations have already been imple-
mented:
• Defect correction solver [36] is used to speed up the solving of Dirac equation, by
reducing most of the double precision operations to single precision.
• Multi-dimension fast Fourier transformation (FFT) is used to evaluate the meson field
in Equation 4.32. The ~v and ~w vectors in all-to-all propagators are distributed on
different nodes (otherwise the memory on each single node is not sufficient to hold
all these vectors), each node holds a fraction of data in every space-time direction.
To speed up the communication, we wrote the multi-dimension FFT such that each
1-dimension FFT is done sequentially, which reduces the communication time to be
proportional to the number of computer nodes in each one direction. This is based on
the 4D torus structure of the IBM Blue Gene/Q computer.
• We utilized the single-instruction-multiple-data (SIMD) feature of the PowerPC pro-
cessor in the Blue Gene/Q computer, which delivers four floating point operations per
CPU cycle, reducing the time of contracting the propagators that form the K → ππ
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three-point functions by nearly a factor of 4. As stated in Chapter 4, the complexity of
evaluatingK → ππ three-point function is (Mode Number)2×(Volume)×(T size)×242.
The mode number for the light quark is 2436, the volume is 323×64, T is 64, the total
number of floating point operation is ≈ 1017, which is non-trivial and the SIMD does
help a lot.
• Because the high mode ~w vectors in all-to-all propagators are time-spin-color-flavor
diluted, most components in these ~w vectors are zero. To save time, any calculation
involving these zero components are avoided.
• The amount of statistics collected for different parts of computation is adjusted to
achieve more efficiency. The type 1 and 2 graphs in K → ππ fluctuate much less than
type 4 graphs but they consume more time than type 4 graphs, so we choose to do time
translation on every the 8th time slice for type 1 and type 2 diagram, and every time
slice for type 3 and type 4 graphs. Although Type 3 is more expensive than Type 4, it
contains a quark self-loop as does Type 4 and is quite noisy, so we choose not to reduce
the statistics for the Type 3 graphs. The same optimization is used in ππ scattering,
where the ’Vacuum’ graph is the main source of noise but consumes less time than the
other graphs, so we do the time translation on every time slice for vacuum graph but
only translate on every 8th time slice for the other ’Direct’, ’Cross’, and ’Rectangle’
graphs.
6.3 Meson spectrum and ππ scattering phase shift
The effective energy plot for kaon, pion, and ππ(I = 0, 2) states are in Figures F.1, F.2, and
F.3. The fitted energy is shown in Table 6.2.
Note that the δ2 phase shift in Table 6.3 is not the phase shift at physical kinematics since






K Eπ Eππ(I=2) Eππ(I=0V ) Eππ(I=0)
lattice 0.35567(16) 0.37168(27) 0.19923(28) 0.41553(50) 0.3550(12) 0.3613(74)
MeV 490.47(22) 512.55(37) 274.74(39) 573.02(69) 485.5(17) 498(10)
Table 6.2: Meson spectrum measured on 32nt64 ensemble. The super script (0), (1) on
kaon mass corresponds to two valance strange quark mass, ms=0.045, and 0.0495. The
m
(1)
K is measured on 69 configurations while all the other quantities are measured on 216
configurations.
pI=2 (lattice) δ2(pI=2) (rad) pI=0 (lattice) δ0(pI=0) (rad)
0.17997(31) -0.1875(59) 0.1479(46) 0.416(85)
pI=2 (MeV) δ2(pI=2)(degree) pI=0 (MeV) δ0(pI=0)(degree)
248.18(43) -10.74(34) 204.0(63) 23.8(49)
Table 6.3: pion-pion scattering phase shifts measured on 32nt64 ensemble. pI=2,0 are calcu-
lated from pI =
√
E2ππ(I)/4−M2π , and Mπ =
√
E2π −Ntw( πL)2. Ntw is number of G-parity
twists.
scattering phase shift is measured to be δ2 = −11.6(2.5)(1.2) degree, which is a corrected
value of the continuum result obtained in Ref. [8]. Combining the δ2 with δ0 from this work
(see Table 6.3):
δ0 − δ2 = 23.9(4.9) + 11.6(2.5)(1.2) = 35.5(5.6) degree (6.1)
If we use this value to approximate the arg(A0)-arg(A2) (i.e. neglecting the CP-violating
phases in A0 and A2), it’s about 2σ diffenrent from the conventional value given in Equation
2.38. But the actual distance with our current statistics is surely less than 2σ since a number
of other sources of error are not considered, for example the error of experimental arg(A0)-
arg(A2), the discretization error in lattice result for δ0 result, and the QED interaction is
absent in our current lattice calculation.
Remember that the phase shift formula 5.3 assumes that the scattering phase shifts δl(p)
































(3|π+++π−−−〉 − |π−++π+−−〉 − |π+−+π−+−〉 − |π++−π−−+〉) (6.4)
The subscript of each pion describes it’s momentum orientation. They are all orthogonal to




(|π+++π−−−〉+ |π−++π+−−〉+ |π+−+π−+−〉+ |π++−π−−+〉) (6.5)
The measured energies are shown in Figure F.4 and F.5. The s-wave pipi state is the one we
use to extract the ground state energy Eππ. As can be seen from the figures, the s-wave pipi
energy is significantly different from 2Eπ while the other d-wave have Eππ ≈ 2π, this shows
only s-wave scattering occurs and the pion-pion interaction with higher angular momentum
is much weaker.
6.4 K → ππ(I = 0) Amplitude
When calculating the 3-point correlation function 〈ππ(I = 0)|Qi|K〉, we fixed the kaon to
pipi separations and let the weak operator vary over the time slices in between. This time
separation has to be large enough such that the weak operator is at sufficient distance from
both kaon and pipi, that little excited state contamination occurs. On the other hand this
time separation can’t be too large, since the noise will grow and there may be contamination
from the around-the-world effect [18]: the unexpected Kπ → π process when one pion travels
from weak operator to ππ sink while the other pion travels forward in time and wraps over
to the weak operator.
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In this work, we used the kaon to ππ separation of 10, 12, 14, 16, 18. For each separation,
we used the data points where the weak operator Qi is at least 4 time slices away from the ππ
operator and 6 time slices away from the kaon operator, to avoid excited state contamination.
The way we treat the operator mixing with lower dimension s̄γ5d is the same as in
the previous work [28]. The quark self-loop in Type 3 and Type 4 graphs contains a 1/a2
divergence, which arises from this mixing and needs to be subtracted. The subtraction
coefficients are determined from the condition:
〈0|Qi − αis̄γ5d|K〉 = 0 (6.6)
Using the equations of motion, s̄γ5d term is proportional to ∂µ(s̄γ5γ
µd), which vanishes when
the initial kaon and final ππ have the same energy and momentum. Note that s̄γ5d is not
a translational invariant operator (even if we sum over the spatial position), because we
didn’t include ūγ5s
′, the G-parity transformation of the s̄γ5d operator, in above equation.
We omitted the ūγ5s
′ piece because the Qi also doesn’t contain its G-parity transformation
of itself (which has the fictional s′ quark in it), so s̄γ5d is more correlated to the divergence
piece in Qi. Leaving out the ūγ5s
′ piece is justified since we have used a translational
invariant kaon source in the correlation function 〈0|s̄γ5d|K〉, and we don’t have to translate
s̄γ5d crossing the G-parity boundary.
The ten 3-point correlation functions eEK∗(tQ−tK)eEππ∗(tππ−tQ)〈K|Qi|ππ(I = 0)〉 are shown
in Figure F.6 to F.15. The exponential factors in front is to compensate for the energy
difference between kaon and pipi state, and to provide an easily recognized plateau in these
graphs. Each data point in these graphs are the error weighted average of the 5 different
kaon to ππ separations. The fitted 10 weak matrix elements are given in Table 6.4.
To get the final A0 result, we used the RI/SMOM(/q, /q) intermediate scheme with parity-
odd projectors for the NPR procedure (see Appendix C for NPR results). The MS Wilson
coefficients are listed in Table A.3. The final A0 result and its contributions from each of
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i from the 32nt64 G-parity ensemble. Averaged over K − π separation of
10, 12, . . . , 18.
i Re(A0)(GeV) Im(A0)(GeV)
1 1.02(0.20)(0.07) ×10−7 0
2 3.63(0.91)(0.28) ×10−7 0
3 -1.19(1.58)(1.12) ×10−10 1.54(2.04)(1.45) ×10−12
4 -1.86(0.63)(0.33) ×10−9 1.82(0.62)(0.32) ×10−11
5 -8.72(2.17)(1.80) ×10−10 1.57(0.39)(0.32) ×10−12
6 3.33(0.85)(0.22) ×10−9 -3.57(0.91)(0.24) ×10−11
7 2.40(0.41)(0.00) ×10−11 8.55(1.45)(0.00) ×10−14
8 -1.33(0.04)(0.00) ×10−10 -1.71(0.05)(0.00) ×10−12
9 -7.12(1.90)(0.46) ×10−12 -2.43(0.65)(0.16) ×10−12
10 7.57(2.72)(0.71) ×10−12 -4.74(1.70)(0.44) ×10−13
Tot 4.66(0.96)(0.27) ×10−7 -1.90(1.19)(0.32) ×10−11
Table 6.5: Contributions to A0 from the ten MS operators Qi averaged over K − ππ separa-
tions of 10, 12, . . . , 18; Two statistical errors are shown: one from the lattice matrix element
(left) and one from the lattice to RI matching matrix (right).
From table 6.5, our final A0 result is:
Re(A0) = 4.66(0.96)(0.27)× 10−7 GeV (6.7)
Im(A0) = 1.90(1.19)(0.32)× 10−11 GeV (6.8)
90
The NPR calculation is much cheaper than that for the lattice matrix elements and the
corresponding error (the second error in Table 6.5) can be reduced rather easily.
6.5 ε′/ε












We now have all the ingredients to calculate this ratio: ω(≡ Re(A2)/Re(A0)) and ε from
experiments, δ2, A2 from lattice calculation in Ref [8] (for δ2 we have used a corrected value
11.6(2.5)(1.2) degree). Im(A0) is from this work. In order to have a more accurate result,




) = 1.38(5.08)× 10−4, (6.10)
Note that several large systematic errors in the lattice calculation are not yet considered.
We’ll discuss them in the next few sections as well as in Chaper 7.
6.6 Evaluating LL factor
As explained in Chapter 3, the Lellouch-Lüscher (LL) factor relates the lattice matrix ele-










and we have used linear approximation to evaluate the partial derivative of δ: ∂δ/∂p ≈ δ/p.
But this approximation doesn’t necessarily hold, especially when pions carry such large mo-
mentum and p value is large (see Table 6.3).
In order to estimate the systematic error for this approximation, we use a second way to
approximate ∂δ/∂p and compare the difference in final LL factor, which is by assuming the
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phase shift δ0 is linear in Eππ(I=0). This is suggested by the phenomenological result for the























The comparison using these two approximations, as well as neglecting δ contribution, are in





Assuming δ ∝ p 3.6708(55) 0.55(13) 2.055(30)
Assuming δ ∝ Eππ 3.6708(55) 0.87(21) 2.131(48)
Assuming ∂δ/∂q = 0 3.6708(55) 0 1.9159(14)
Table 6.6: Comparing the difference in LL factor, by treating δ linear in p, linear in Eππ,
and equal to 0. Assuming δ ∝ p gives ∂δ/∂q = δ/q. Assuming δ ∝ Eππ gives Equation 6.11.
6.7 Effect of Unphysical Kinematics
The s̄γ5d subtraction relies on the on shell condition of the decay, so it’s important that the
kaon and the ππ states have the same energy. With the unitary mu/d = 0.0001 and ms0.045
values, the kaon mass turns out to be a little lower than ππ energy (see Table 6.2). To
estimate the effect of this energy non-conservation, we have used the second valance quark
mass ms = 0.0495, and repeated the same K → ππ measurement on 69 configurations. The
unitary kaon mass is labeled as m
(0)
K , the kaon mass with ms = 0.0495 is labeled as m
(1)
K .
The heavier strange quark mass is chosen such that the energy conserving kaon mass lies
between the two kaon masses we have. As a side remark, the kaon mass with this 10%
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heavier strange quark mass is ≈5% heavier than unitary kaon mass, which is in accordance
with chiral perturbation theory. The comparison of lattice matrix elements calculated from
the two strange quark masses are in Table F.3. As can be seen, the largest, and statistically
resolved discrepancy for Qi in Table F.3 is ≈8%, combining with the ≈2% miss match
between m
(0)
K and Eππ(I=0), we estimate the effect of unphysical kinematics to be ≤3%.
6.8 Estimation of Charm Quark Contribution
For the A0 result in this work, we have only considered the 3-flavor (up, down, strange) QCD
on the lattice. The effects of the other 3 flavors are included in the perturbative MS Wilson
coefficients at the energy scale 1.53 GeV, which is not so high above charm threshold and
raises the question of how much systematic error is introduced from neglecting charm quark
on the lattice. Although we didn’t include a valence charm quark in HW or the K → ππ
contractions, we can estimate the charm quark contribution by examining the graphs in
which charm quark could appear.
The charm quark enters the 4-flavor weak Hamiltonian H
(4f)
W through a term of in the
form of (s̄d)(c̄c), since both kaon and ππ operators don’t contain any valence charm quarks,
the charm and anti-charm fields in H
(4f)
W must contract with each other, leaving a contraction
graph that looks like the Type 3 or Type 4 graph in 3-flavor K → ππ. Suppose we now do a
4-flavor K → ππ calculation for the operator Q6 (which contributes most to the imaginary
A0 among all 10 weak operators) without disconnected graphs, the only new contribution
besides the existing 3-flavor contractions is the:
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〈ππ(I = 0)|Q(c−loop)6 |K〉conn −
〈0|Q(c−loop)6 |K〉
〈0|s̄γ5d|K〉
























where G(L) is u/d quark propagator, G(s) is strange quark propagator, G(c) is charm quark
propagator, Γ1 = F0γu(1− γ5) and Γ2 = F0γu(1 + γ5). Qc−loop6 is the part of 4-flavor Q6 that
contains c̄c. The subscript 〈. . . 〉conn denotes the fact that disconnected Type 4 graphs are
not considered when evaluating the correlation function, which is for better resolution.
In order to estimate the size of the expression in Equation 6.12, we can replace the charm
quark loop in expression 6.12 by either light quark loop or strange quark loop , which we
have evaluated in the 3-flavor K → ππ calculation, and then compare their sizes. Hopefully
it could allow us to extrapolate to the expression 6.12 with charm quark loop. To be more















































Since the charm quark contribution is not a physical decay amplitude, we show the time
dependence of expressions 6.13 and 6.14 instead of fitting them, in Table F.4. According to
Table F.4, the difference between the light quark self-loop and the strange quark self-loop
can not be clearly resolved. Furthermore, this specific contribution is only a small fraction of
the contribution from all Type1, 2, 3, and 4 contribution, namely 10% (with a sign opposite
to that of the full result), so it’s expected that the charm quark reduces the Q6 magnitude by
about 10%. On the other hand, from Table F.2 the magnitude of the MS Wilson coefficient
for Q6 goes up by ≈16% when going the 3-flavor to the 4-flavor theory. As a result, the
relative change of Q6 contribution to A0 (which is the product of Wilson coefficients and
decay matrix elements) is (1− 10%)(1 + 16%)− 1 ≈ 4%. Since Q6 is the major contributor
to Im(A0), we expect the change in Im(A0) from adding an active charm quark is not a
concern, given the current 3-flavor statistical error.
Chapter 7
Conclusions
We have demonstrated the successful use of G-parity boundary conditions and all-to-all
propagators:
• G-parity boundary conditions were well tested on 16nt32 lattice and gave the expected
kinematics of the ππ state. Although these boundary conditions, even when applied
to all three directions, break the cubic rotation symmetry at the quark level, the
pion propagator is not affected significantly. The fictional strange quark s′ that we
introduced also proves successful for constructing a static kaon state. The agreement
between the K → ππ(I=2) results using G-parity and H-parity boundary conditions is
further strong evidence of the correctness of the G-parity boundary condition technique,
given that H-parity technique is well understood and has given a physical value for A2
[8], that agrees with the experimental result.
• All-to-all propagators were tested on the 16nt32 ensembles and proved to be supe-
rior to the traditional wall-source-wall-sink propagator: the results for Eππ(I=0) and
Im(A0) showed a factor of 2 decrease in their errors. The use of all-to-all propagators
also significantly saved CG time on the 32nt64 ensemble, since the various momen-
tum directions of quarks did not require additional inversions of Dirac operator with
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all-to-all propagators. Although all-to-all propagators make the 3-point functions ex-
pensive to evaluate, we have managed to compensate for that by implementing several
computational optimizations and improving the sampling strategy.
G-parity boundary conditions removes the stationary pion state and introduces correct
kinematics for the ground ππ state, and the use of all-to-all propagators suppresses the
fluctuations from disconnected graphs, increasing computational efficiency. These techniques
have enabled us to calculate A0 and Re(ε
′/ε) at physical kinematics, an important step
beyond our earlier threshold calculation in Ref [28]. Much other technical progress in the
past few years is also crucial in this work. To name a few: the DWF action making the
operator mixing pattern easy to handle, the 100-teraflops-scale super computer and superior
software package allowing us to simulate the physical light quarks on the lattice.
In Chapter 6, we showed the result for kaon decay amplitude A0 and the ratio of ε
′/ε.
They are calculated from a 323 × 64 lattice, which corresponds to a box ≈4.8fm on a side,
with a physical pion mass (140 MeV) and kaon mass (490 MeV). The energy of ππ(I=0)
state is ≈498 MeV, corresponding to the near-physical kinematics. It’s the first time that a
calculation of A0 with physical quark masses and kinematics has been possible to compute
on the lattice. Although the statistical error is large with our current 216 measurements,





) = 1.38(5.08)× 10−4, (7.1)
which agrees at the 2σ level (after considering all other systematic errors which will be
explained below) with experimental result 1.66(0.23)× 10−3.
To further improve the calculation, besides increasing the statistics, we have to examine
and reduce all systematic errors. In Chapter 3, we have estimated the systematic error in
Lat→ MS operator matching procedure (the similar work was done in an earlier work [8]).
In Chapter 6 we have examined: 1.the effect of unphysical kinematics, 2.the effect of leaving
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charm contribution to perturbation theory. 3.the systematic error in LL factor.
There are still other systematic errors:
• Finite lattice spacing. The lattice regularization introduces a systematic errors of
order O(a2), also known as lattice artefacts. We estimate this error by comparing our
earlier K → ππ(I=2) result [38] with the result in the continuum limit result [8]. The
K → ππ(I=2) was calculated on an ensemble which is the same as that used in this
work (there were periodic instead of G-parity boundary conditions, and the unitary
pion mass was 170 MeV) and so should have the same lattice artefacts. This systematic
error will be removed when the calculation has been performed with multiple lattice
spacings and an a→ 0 extrapolation evaluated.
• MS Wilson coefficients. In this work, we calculated the Wilson coefficients to next-to-
leading (NLO) order in perturbation theory [9] at 1.53 GeV, which is not much larger
than the 500 MeV energy scale at which QCD is highly non-perturbative. We estimate
this systematic error by comparing the difference in A0 computed using leading order
Wilson coefficients and the result from of NLO. This systematic error will be reduced
if we do step scaling [39] in NPR and match the lattice weak operators to those in the
MS scheme at a higher energy scale.
• Finite volume. The finite size of lattice has changed the loop integral in Feynman
diagrams to discrete summation over the allowed momenta. This systematic error can
be estimated using SU(3) finite-volume chiral perturbation theory (like the work in
Ref [38]).
• Excited states contamination. A fitting range containing time separations that are
too small will result in the excited states contamination. While it’s typically chosen
by examining the onset of a plateau in the effective mass plot, some excited state
contamination may remain. We estimated the excited states contamination by doing
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a 2-state fit on the two point correlation function, and compares the results with those
from a 1-state fit. The comparison shows a systematic error of ≤ 5%, in the fitted,
ground state amplitude.
There are other minor systematic issues like isospin breaking (light quark mass differences),
the electromagnetic interaction, and the errors in the standard model physical parameters
that we use as input in this work. But currently those are not major concerns compared to
sources of errors discussed above or the current statistical error. The systematic errors are
summarized in Table 7.1.
Description Error
Operator renormalization 15%
MS Wilson coefficients 12%
LL factor ≤11%





Table 7.1: Systematic error budget for Re(A0) and Im(A0).
Although the error on our Re(ε′/ε) result is large compared to that from experiment, it is
under control since we have seen the plateaus for the most important weak matrix elements
Q2 and Q6, which contribute the major part of Re(A0) and Im(A0) respectively. We have
shown that the CP-violation quantity Re(ε′/ε) is now accessible on lattice. With increasing
statistics and possible improvements reducing the systematic errors discussed above, we
can further improve the result for Re(ε′/ε), and allowing a more precise comparison of the
standard model prediction with the result from experiment. The calculation of Re(ε′/ε),
with 10% error relative to the present experimental value, can hopefully be carried out in 5
years, motivating more precise experimental measurement.
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α3fs (1.52GeV ) 0.35355
ω = ReA2/ReA0 0.04454(12)
|ε| (2.228± 0.011)× 10−3
φε (43.52± 0.05) degree
Re(ε′/ε) (1.66± 0.23)× 10−3










K+ → π+π0 0.2066
K0S → π0π0 0.3069
K0S → π+π− 0.6920
Table A.2: Physical parameters for kaon decay.
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Table A.3: Wilson coefficients in the MS scheme, at energy scale µ = 1.53 GeV with 3-flavor
QCD. These numbers were provided by Christoph Lehner.
Appendix B
K → ππ Contractions
This appendix provides a summary of contractions which determine 〈ππ|HW |K〉 correlation
function (see Chapter 3). Section B.1 contains the graphical representation of these con-






































Figure B.1: Type1 Contractions. Lines with no label are light quark propagators, those
with ’s’ are for the strange quark. When two quark lines are simply joined at a solid circle,
both their spin, color, and flavor indices are contracted. Flavor index is from the use of
two-component G-parity notation for the quark operator. If an added dashed line appears,
it joins the lines whose color indices are contracted while the contraction of the solid lines


































Figure B.2: Type2 Contractions. Lines with no label are light quark propagators, those
with ’s’ are for the strange quark. When two quark lines are simply joined at a solid circle,
both their spin, color, and flavor indices are contracted. Flavor index is from the use of
two-component G-parity notation for the quark operator. If an added dashed line appears,
it joins the lines whose color indices are contracted while the contraction of the solid lines





























































Figure B.3: Type3 Contractions. Lines with no label are light quark propagators, those
with ’s’ are for the strange quark. When two quark lines are simply joined at a solid circle,
both their spin, color, and flavor indices are contracted. Flavor index is from the use of
two-component G-parity notation for the quark operator. If an added dashed line appears,
it joins the lines whose color indices are contracted while the contraction of the solid lines



























































Figure B.4: Type4 Contractions. Lines with no label are light quark propagators, those
with ’s’ are for the strange quark. When two quark lines are simply joined at a solid circle,
both their spin, color, and flavor indices are contracted. Flavor index is from the use of
two-component G-parity notation for the quark operator. If an added dashed line appears,
it joins the lines whose color indices are contracted while the contraction of the solid lines
indicates the joins of spin and flavor indices that are contracted.
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B.2 Formulas
α, β are color indices, Trs stands for spin trace, Trc for color trace, Trf for G-parity flavor
trace, Tr for spin-color-flavor trace, G(L) is light quark propagator, G(H) is strange quark
propagator. For Type4 contractions, we only show the factor which multiplies the ππ bubble,
the actual result is the product of the factor shown times the amplitude for the ππ bubble.





























































































































































Type 4: (ππ bubble is not included for simplicity)
C23(Γ1,Γ2) = Tr{Γ1G(L)xop,xKγ5G(H)xK ,xop} · Tr{Γ2G(L)xop,xop}
C24(Γ1,Γ2) = (Trs,f{Γ1G(L)xop,xKγ5G(H)xK ,xop})αβ · (Trs,f{Γ2G(L)xop,xop})αβ
C25(Γ1,Γ2) = Trc{Trs,f{Γ1G(L)xop,xKγ5G(H)xK ,xop} · Trs,f{Γ2G(L)xop,xop}}
C26(Γ1,Γ2) = Tr{Γ1G(L)xop,xKγ5G(H)xK ,xop · Γ2G(L)xop,xop}
C27(Γ1,Γ2) = Trs,f{(Γ1G(L)xop,xKγ5G(H)xK ,xop)αβ · (Γ2G(L)xop,xop)αβ}
C28(Γ1,Γ2) = Trs,f{Trc{Γ1G(L)xop,xKγ5G(H)xK ,xop} · Trc{Γ2G(L)xop,xop}}
C29(Γ1,Γ2) = Tr{Γ1G(L)xop,xKγ5G(H)xK ,xop} · Tr{Γ2G(H)xop,xop}
C30(Γ1,Γ2) = Trc{Trs,f{Γ1G(L)xop,xKγ5G(H)xK ,xop} · Trs,f{Γ2G(H)xop,xop}}
C31(Γ1,Γ2) = Tr{Γ1G(L)xop,xKγ5G(H)xK ,xop · Γ2G(H)xop,xop}
C32(Γ1,Γ2) = Trs,f{Trc{Γ1G(L)xop,xKγ5G(H)xK ,xop} · Trc{Γ2G(H)xop,xop}}
Appendix C
NPR Results
This appendix provide more details about the NPR method and results (the NPR procedure
is explained in Chapter 3). The NPR Green functions are measured on 100 configurations
from the 2+1 flavor, 32nt64 ensemble, generated with the IDSDR gauge action at β = 1.75
[1]. The two external momenta are chosen to be (in lattice units):








They are the non-exceptional momenta (|p1| = |p2| = |p1 − p2|) [40] which suppresses chiral
symmetry breaking and other unwanted infrared effects [24].
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1 2 3 4 5 6 7
mean:
1 8.1023e-01 6.6711e-05 -6.9404e-06 -1.2170e-05 -1.5590e-05 -6.9866e-03 2.5370e-03
2 -2.6604e-06 8.7110e-01 -1.3819e-01 -3.3180e-03 -2.5172e-02 1.7819e-03 3.5264e-03
3 8.1198e-07 -7.0452e-02 9.1508e-01 2.3405e-04 7.1408e-04 -1.8952e-04 -1.9284e-03
4 -1.0388e-05 -3.5369e-02 -6.5780e-02 9.1090e-01 -2.0520e-01 7.8975e-03 9.8800e-03
5 7.5255e-06 -9.4921e-02 -8.3660e-02 -5.7388e-02 6.0669e-01 -8.0282e-03 8.6522e-04
6 -8.5468e-04 -1.1743e-02 3.5239e-03 7.5779e-04 -3.3919e-04 9.3368e-01 -1.7509e-01
7 -1.1844e-04 -8.5939e-03 1.0275e-02 -3.1196e-03 -8.2487e-03 -4.8744e-02 5.7921e-01
error bar:
1 9.0443e-05 7.7694e-05 8.3875e-05 3.7178e-05 3.0457e-05 6.4797e-05 2.6668e-05
2 6.7190e-06 6.4168e-02 5.4812e-02 2.7493e-02 1.9848e-02 8.2135e-03 6.5331e-03
3 4.0439e-06 3.1415e-02 3.1385e-02 1.2315e-02 9.6453e-03 4.6913e-03 3.2188e-03
4 2.0855e-05 2.0532e-01 1.6629e-01 8.6342e-02 6.0777e-02 2.4958e-02 1.9637e-02
5 1.3680e-05 9.1173e-02 9.6152e-02 4.0341e-02 3.2781e-02 1.5488e-02 1.2961e-02
6 7.8608e-06 1.1327e-02 1.2334e-02 4.9407e-03 4.2247e-03 3.2009e-03 2.5145e-03
7 8.1857e-06 1.8469e-02 2.2221e-02 7.0151e-03 7.0474e-03 3.5861e-03 4.3356e-03
mean:
1 8.1023e-01 -1.6216e-13 -1.6971e-13 1.7344e-14 -1.8381e-14 -9.3623e-17 -1.9604e-16
2 1.8495e-15 8.7272e-01 -1.3910e-01 -4.1293e-03 3.3385e-03 -4.4808e-17 1.4794e-17
3 -2.5090e-15 -7.5215e-02 9.3011e-01 -1.5559e-02 1.0626e-02 6.0257e-17 -1.8915e-17
4 6.3990e-17 -1.3545e-01 -1.1509e-01 8.9777e-01 -1.1157e-01 -9.7144e-18 -4.1633e-18
5 -4.2942e-17 -9.5667e-02 -4.7312e-02 -6.6366e-02 5.9777e-01 -1.8873e-17 1.2212e-17
6 4.1538e-19 4.5986e-19 9.7276e-18 -2.6747e-17 1.2940e-17 9.3431e-01 -1.7399e-01
7 -6.0652e-21 8.3007e-19 -3.2236e-18 6.1237e-19 2.2050e-18 -5.0636e-02 5.7787e-01
error bar:
1 9.0469e-05 1.1453e-13 1.4096e-13 4.9721e-14 3.2769e-14 6.5362e-16 3.7635e-16
2 1.5171e-15 6.2415e-02 5.7460e-02 2.5594e-02 1.5432e-02 1.3644e-16 9.8427e-17
3 2.0649e-15 2.9945e-02 3.1336e-02 1.0995e-02 8.6316e-03 1.5065e-16 1.2185e-16
4 2.7458e-16 1.8444e-01 1.6978e-01 7.8658e-02 4.5914e-02 2.8329e-15 1.3688e-15
5 1.6914e-16 7.9738e-02 8.1133e-02 3.6841e-02 2.3750e-02 1.6031e-15 1.9568e-15
6 8.1108e-17 2.7216e-16 3.7579e-16 1.7739e-15 7.1163e-16 1.0260e-04 4.5991e-05
7 5.2903e-17 1.4463e-16 2.3428e-16 8.1772e-16 2.9751e-16 4.1504e-05 1.2445e-04
Table C.1: NPR matrix ZLat→RI/Z2q with γµ projectors, at 1.53 GeV, measured on 100
configurations from the 32nt64 ensemble (no Gparity) [1] with a−1 = 1.364GeV. External
momenta are p1 = (0, 4, 4, 0) · 2π/L, p2 = (4, 4, 0, 0) · 2π/L and valence quark masses are
ml/s = 0.01. The dim-3 and dim-4 operators which mix with the lattice operators have been
subtracted. The upper half shows results from the parity even part of each operator, while
the lower half shows the results from the parity odd part.
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1 2 3 4 5 6 7
mean:
1 7.2768e-01 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00
2 0.0000e+00 4.8376e-01 -4.7810e-01 -5.5167e-03 -3.6937e-03 0.0000e+00 0.0000e+00
3 0.0000e+00 2.1709e-01 1.3258e+00 4.9468e-03 -4.2714e-03 0.0000e+00 0.0000e+00
4 0.0000e+00 -1.3495e-01 -1.4757e-01 7.4442e-01 -1.7073e-01 0.0000e+00 0.0000e+00
5 0.0000e+00 -5.7964e-02 7.2590e-02 -4.8371e-02 5.7642e-01 0.0000e+00 0.0000e+00
6 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 7.8077e-01 -1.4432e-01
7 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 -9.6648e-02 5.7696e-01
error bar:
1 1.2800e-04 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00
2 0.0000e+00 4.8667e-02 5.8977e-02 2.1115e-02 1.4009e-02 0.0000e+00 0.0000e+00
3 0.0000e+00 8.2487e-02 9.5552e-02 3.3641e-02 2.4977e-02 0.0000e+00 0.0000e+00
4 0.0000e+00 2.5929e-01 2.8255e-01 9.1546e-02 5.9709e-02 0.0000e+00 0.0000e+00
5 0.0000e+00 1.5195e-01 2.1581e-01 5.9684e-02 3.9953e-02 0.0000e+00 0.0000e+00
6 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 6.0732e-03 4.2876e-03
7 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 9.7883e-03 7.1652e-03
mean:
1 7.2768e-01 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00
2 0.0000e+00 4.6486e-01 -4.9705e-01 -1.9463e-02 9.1893e-03 0.0000e+00 0.0000e+00
3 0.0000e+00 2.1729e-01 1.3259e+00 -8.0524e-03 9.5229e-03 0.0000e+00 0.0000e+00
4 0.0000e+00 -2.5362e-01 -2.5451e-01 6.9755e-01 -1.1228e-01 0.0000e+00 0.0000e+00
5 0.0000e+00 5.3154e-02 1.6763e-01 -5.6372e-02 5.4883e-01 0.0000e+00 0.0000e+00
6 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 7.8179e-01 -1.4633e-01
7 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 -9.4179e-02 5.9137e-01
error bar:
1 1.2795e-04 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00
2 0.0000e+00 4.7599e-02 5.5433e-02 1.7838e-02 1.1336e-02 0.0000e+00 0.0000e+00
3 0.0000e+00 7.6323e-02 9.1038e-02 3.3251e-02 2.2141e-02 0.0000e+00 0.0000e+00
4 0.0000e+00 2.1240e-01 2.2747e-01 7.7165e-02 4.5480e-02 0.0000e+00 0.0000e+00
5 0.0000e+00 1.2478e-01 1.5937e-01 5.8291e-02 3.7986e-02 0.0000e+00 0.0000e+00
6 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 1.7862e-04 5.7718e-05
7 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 8.2486e-05 1.3845e-04
Table C.2: NPR matrix ZLat→RI/Z2q with /q projectors, at 1.53 GeV, measured on 100 config-
urations from the 32nt64 ensemble (no Gparity) [1] with a−1 = 1.364GeV. External momenta
are p1 = (0, 4, 4, 0) · 2π/L, p2 = (4, 4, 0, 0) · 2π/L and valence quark masses are ml/s = 0.01.
The dim-3 and dim-4 operators which mix with the lattice operators have been subtracted.
The upper half shows results from the parity even part of each operator, while the lower half
shows the results from the parity odd part.
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γµ scheme /q scheme
Zq 0.723713± 0.000034 0.793584± 0.000084
Table C.3: Zq =
ΛV ZV +ΛAZA
2
in both γµ and /q scheme, measured on 100 configurations from
the 32nt64 ensemble (no Gparity) [1] with a−1 = 1.364GeV. The external momenta are
p1 = (0, 4, 4, 0) · 2π/L, p2 = (4, 4, 0, 0) · 2π/L, and valence quark masses are ml/s = 0.01.
(γµ, γµ) (γµ, /q) (/q, γµ) (/q, /q)
1 -2.318e-01 ± 7.113e-03 -2.570e-01 ± 7.892e-03 -2.938e-01 ± 2.050e-02 -3.219e-01 ± 2.242e-02
2 5.802e-01 ± 7.111e-03 6.446e-01 ± 7.888e-03 6.242e-01 ± 2.050e-02 6.911e-01 ± 2.242e-02
3 5.399e-03 ± 7.302e-03 5.813e-03 ± 8.104e-03 8.553e-02 ± 1.585e-02 9.114e-02 ± 1.734e-02
5 -5.796e-03 ± 6.783e-03 -6.295e-03 ± 7.530e-03 4.270e-03 ± 1.554e-02 5.142e-03 ± 1.692e-02
6 1.567e-03 ± 5.616e-03 1.499e-03 ± 6.233e-03 -2.064e-03 ± 1.145e-02 -2.712e-03 ± 1.252e-02
7 3.186e-05 ± 2.051e-09 3.553e-05 ± 6.111e-09 2.931e-05 ± 4.734e-09 3.282e-05 ± 3.058e-09
8 -2.031e-05 ± 2.579e-09 -2.276e-05 ± 5.111e-09 -1.988e-05 ± 3.326e-09 -2.229e-05 ± 5.124e-09
Table C.4: Real part of the lattice Wilson coefficients CLati , using the 4 different RI interme-
diate schemes, and perturbatively matched at 1.53 GeV. The NPR matrix is measured on
100 configurations from the 32nt64 ensemble [1].
(γµ, γµ) (γµ, /q) (/q, γµ) (/q, /q)
1 -1.259e-05 ± 1.182e-06 -1.387e-05 ± 1.316e-06 -1.663e-05 ± 2.425e-06 -1.820e-05 ± 2.685e-06
2 1.542e-05 ± 1.182e-06 1.702e-05 ± 1.316e-06 1.931e-05 ± 2.425e-06 2.121e-05 ± 2.685e-06
3 5.830e-06 ± 1.020e-06 6.413e-06 ± 1.135e-06 9.567e-06 ± 2.096e-06 1.045e-05 ± 2.321e-06
5 -5.055e-06 ± 1.251e-06 -5.687e-06 ± 1.391e-06 -3.609e-06 ± 2.293e-06 -4.019e-06 ± 2.539e-06
6 1.781e-05 ± 8.405e-07 1.991e-05 ± 9.357e-07 1.617e-05 ± 1.414e-06 1.806e-05 ± 1.567e-06
7 1.346e-07 ± 1.613e-11 1.510e-07 ± 3.085e-11 1.295e-07 ± 2.612e-11 1.453e-07 ± 3.462e-11
8 -2.103e-07 ± 3.935e-11 -2.361e-07 ± 6.439e-11 -2.097e-07 ± 4.496e-11 -2.352e-07 ± 6.966e-11
Table C.5: Imaginary part of the lattice Wilson coefficients CLati , using the 4 different RI
intermediate schemes, and perturbatively matched at 1.53 GeV. The NPR matrix is measured
on 100 configurations from the 32nt64 ensemble [1].
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(γµ, γµ)− (/q, /q)
real part imag part
1 9.008e-02 ± 2.151e-02 5.612e-06 ± 2.523e-06
2 -1.109e-01 ± 2.150e-02 -5.782e-06 ± 2.523e-06
3 -8.574e-02 ± 1.682e-02 -4.617e-06 ± 2.100e-06
5 -1.094e-02 ± 1.588e-02 -1.036e-06 ± 2.205e-06
6 4.279e-03 ± 1.163e-02 -2.556e-07 ± 1.444e-06
7 -9.661e-07 ± 2.596e-09 -1.072e-08 ± 2.970e-11
8 1.981e-06 ± 3.745e-09 2.489e-08 ± 4.679e-11
Table C.6: Jackknifed difference of the lattice Wilson coefficients CLati , using the (γµ, γµ) and
(/q, /q) RI intermediate schemes, and perturbatively matched at 1.53 GeV. The NPR matrix
is measured on 100 configurations from the 32nt64 ensemble [1].
Appendix D
All-to-all Propagators Compared to
Wall Source Propagators
The gauge ensemble used in the comparison is the 16nt32 ensemble as in Ref [2], with
the dynamic strange quark mass changed from 0.04 to 0.032. In order to compare these
two methods on the same footing, we measured on 200 configurations in both cases. The
valence quark masses are chosen as mu/d = 0.01 and ms = 0.066, which gives the pion mass
mπ ≈ 422MeV and kaon mass mK ≈ 738MeV. Boundary conditions are all periodic.
The light quark all-to-all propagators contains 100 low modes. For high mode part we
use 1 random hit on each lattice site with time-spin-color dilution. For the strange quark
all-to-all propagators, we use the same setup for high mode part as that in the light quark
all-to-all propagators, but no low modes are used. Coulomb gauge fixing on each time slice
is used to construct gauge invariant pion interpolating operators. The Lanczos algorithm
uses the parameters α = 5.5, β = 0.5 and Chebyshev order n = 100. The meson field wave
function used for both the kaon and pion is a hydrogen wave function as in Equation 4.38
with radius 2. (More information about meson source used with the all-to-all propagators is

























Table D.1: Eππ(I=0) energy in lattice unit,
Wall-source-wall-sink All-to-all(200 conf)
i Re(A0) Im(A0) Re(A0) Im(A0)
1 2.6(97)e-08 0 3.8(33)e-08 0
2 4.8(17)e-07 0 2.1(15)e-07 0
3 -2.0(21)e-09 1.1(11)e-11 4.3(74)e-10 2.4(41)e-12
4 1.35(70)e-08 -4.4(23)e-11 1.6(33)e-09 5(11)e-12
5 -1.2(82)e-10 -6(43)e-13 4.7(29)e-10 2.4(15)e-12
6 -1.41(66)e-08 -8.5(40)e-11 -1.27(29)e-08 -7.6(18)e-11
7 7.0(22)e-11 1.18(36)e-13 8.11(75)e-11 1.36(13)e-13
8 -4.83(78)e-10 -2.35(38)e-12 -4.41(38)e-10 -2.15(19)e-12
9 -4.9(25)e-14 -3.2(16)e-13 9(10)e-15 -6.0(67)e-13
10 -2(17)e-12 0.6(40)e-13 1.46(68)e-11 -3.5(16)e-13
Total 5.1(16)e-07 -5.8(41)e-11 2.4(16)e-07 -6.9(22)e-11
Table D.2: K → ππ(I = 0) decay amplitude. All numbers are in units of GeV. The
contribution from each MS weak operator Qi is listed as well as the final A0 result. The
results using wall-source-wall-sink propagators and those using all-to-all propagators are
both measured on 200 configurations from the 16nt32 ensemble as in Ref [2]
Appendix E
Additional Tables and Figures for the

































ππ(I = 0V )
2× Eπ

















ππ(I = 0V )
2× Eπ
3 G-parity twists
Figure E.1: ππ effective energy plot for states with isospin two(I=2), isospin zero (I=0),















































Figure E.2: K → ππ(I = 2) matrix elements 〈K(t = 12)|Qi(t)|ππI=2(t = 0)〉 (i=1,7,8), the
kaon and pipi states are normalized to unity. G-parity boundary conditions and H-boundary
conditions are used in one spatial direction. The G-parity correlation functions are only











































Figure E.3: K → ππ(I = 2) matrix elements 〈K(t = 12)|Qi(t)|ππI=2(t = 0)〉 (i=1,7,8), the
kaon and pipi states are normalized to unity. G-parity boundary conditions and H-boundary
conditions are used in two spatial directions. The G-parity correlation functions are only












































Figure E.4: K → ππ(I = 2) matrix elements 〈K(t = 12)|Qi(t)|ππI=2(t = 0)〉 (i=1,7,8),
the kaon and pipi states are normalized to unity. G-parity boundary conditions and H-
boundary conditions are used in three spatial directions. G-parity correlation functions are














































Figure E.5: K → ππ(I = 2) matrix elements 〈K(t = 12)|Qi(t)|ππI=2(t = 0)〉 (i=1,7,8)
using Möbius DWF. The kaon and pipi states are normalized to unity. G-parity boundary
conditions and H-boundary conditions are used in three spatial directions. The G-parity
















Figure E.6: Single pion correlation func-
















Figure E.7: Single kaon correlation func-






























Figure E.9: pi-pi, ’Direct’ graph on












Figure E.10: pi-pi, ’Rectangle’ graph on
16nt32 free field lattice
1.000e-05
1.000e-04




Figure E.11: pi-pi, Vaccum bubble (one of
the two disconnected pieces in ’Vacuum’












Figure E.12: Q1 in K → ππ(I=0), on












Figure E.13: Q2 in K → ππ(I=0), on













Figure E.14: Q3 in K → ππ(I=0), on













Figure E.15: Q4 in K → ππ(I=0), on









Figure E.16: Q5 in K → ππ(I=0), on









Figure E.17: Q6 in K → ππ(I=0), on









Figure E.18: Q7 in K → ππ(I=0), on










Figure E.19: Q8 in K → ππ(I=0), on













Figure E.20: Q9 in K → ππ(I=0), on












Figure E.21: Q10 in K → ππ(I=0), on















Figure E.22: Single pion correlation func-















Figure E.23: Single kaon correlation func-












Figure E.24: pi-pi, ’Cross’ graph on
















Figure E.25: pi-pi, ’Direct’ graph on













Figure E.26: pi-pi, ’Rectangle’ graph on
24nt32 free field lattice
1.000e-05
1.000e-04




Figure E.27: pi-pi, Vaccum bubble (one of
the two disconnected pieces in ’Vacuum’












Figure E.28: Q1 in K → ππ(I=0), on












Figure E.29: Q2 in K → ππ(I=0), on












Figure E.30: Q3 in K → ππ(I=0), on












Figure E.31: Q4 in K → ππ(I=0), on










Figure E.32: Q5 in K → ππ(I=0), on










Figure E.33: Q6 in K → ππ(I=0), on









Figure E.34: Q7 in K → ππ(I=0), on









Figure E.35: Q8 in K → ππ(I=0), on












Figure E.36: Q9 in K → ππ(I=0), on












Figure E.37: Q10 in K → ππ(I=0), on
24nt32 free field lattice
Appendix F
















































ππ(I = 0V )
2× Eπ
Figure F.3: ππ effective energy plot for states with isospin two(I=2), isospin zero (I=0),




















Figure F.4: ππ(I = 2) effective energy for ππ states in the A1 (s-wave) and two T2 (D1 and
D3) representations of the cubic group. For the s-wave case, Eππ − 2Eπ = 0.0171 ± 0.0006
while the two T2 representations show no effects of interaction, Eππ−2Eπ = −0.0005±0.0006























Figure F.5: ππ(I = 0) effective energy for ππ states in the A1 (s-wave) and two T2 (D1 and
D3) representations of the cubic group. For the s-wave case, Eππ − 2Eπ = −0.0371± 0.0075
while the two T2 representations show no effects of interaction, Eππ−2Eπ = −0.0019±0.0006
and −0.0005± 0.0007 respectively.
i bin size = 1 bin size = 2 bin size = 4 bin size = 8
1 -3.850e-03 ± 1.163e-03 -3.696e-03 ± 1.032e-03 -3.749e-03 ± 1.003e-03 -3.665e-03 ± 9.262e-04
2 3.312e-03 ± 1.227e-03 3.197e-03 ± 1.217e-03 3.284e-03 ± 1.237e-03 2.633e-03 ± 1.217e-03
3 -2.130e-03 ± 2.994e-03 -1.543e-03 ± 2.808e-03 -1.664e-03 ± 2.914e-03 -2.308e-03 ± 2.825e-03
4 4.775e-03 ± 3.170e-03 5.173e-03 ± 3.028e-03 4.833e-03 ± 2.971e-03 4.101e-03 ± 2.985e-03
5 -1.073e-02 ± 2.612e-03 -1.063e-02 ± 2.322e-03 -1.114e-02 ± 2.203e-03 -1.171e-02 ± 2.294e-03
6 -2.439e-02 ± 5.152e-03 -2.460e-02 ± 5.314e-03 -2.456e-02 ± 5.033e-03 -2.458e-02 ± 5.225e-03
7 2.210e-02 ± 1.861e-03 2.231e-02 ± 1.960e-03 2.240e-02 ± 1.839e-03 2.279e-02 ± 2.053e-03
8 7.951e-02 ± 4.964e-03 8.022e-02 ± 5.404e-03 8.043e-02 ± 5.986e-03 7.985e-02 ± 5.903e-03
9 -4.817e-03 ± 1.862e-03 -4.795e-03 ± 1.709e-03 -4.758e-03 ± 1.590e-03 -4.394e-03 ± 1.439e-03
10 2.545e-03 ± 1.743e-03 2.617e-03 ± 1.700e-03 2.675e-03 ± 1.649e-03 2.657e-03 ± 1.411e-03
Table F.1: M
1/2,lat
i results with different bin sizes. The matrix elements are measured
on every 4th configuration, so the effective separations for bin size = 1,2,3,4 are 4,8,12,16
respectively. The results we obtained by combining the K − ππ separations, Tππ − TK =
10, 12, ..., 18, and involve 172 measurements.
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Table F.2: Wilson coefficients in the (NLO) MS scheme, at energy scale µ = 1.3 GeV, with













Figure F.6: The error weighted average of the 〈ππ(I = 0)|Q1|K〉 correlation function, mea-
sured on the 32nt64 G-parity ensemble as a function of tππ − tQ. These used the 3-point













Figure F.7: The error weighted average of the 〈ππ(I = 0)|Q2|K〉 correlation function, mea-
sured on the 32nt64 G-parity ensemble as a function of tππ − tQ. These used the 3-point












Figure F.8: The error weighted average of the 〈ππ(I = 0)|Q3|K〉 correlation function, mea-
sured on the 32nt64 G-parity ensemble as a function of tππ − tQ. These used the 3-point













Figure F.9: The error weighted average of the 〈ππ(I = 0)|Q4|K〉 correlation function, mea-
sured on the 32nt64 G-parity ensemble as a function of tππ − tQ. These used the 3-point












Figure F.10: The error weighted average of the 〈ππ(I = 0)|Q5|K〉 correlation function,
measured on the 32nt64 G-parity ensemble as a function of tππ− tQ. These used the 3-point














Figure F.11: The error weighted average of the 〈ππ(I = 0)|Q6|K〉 correlation function,
measured on the 32nt64 G-parity ensemble as a function of tππ− tQ. These used the 3-point












Figure F.12: The error weighted average of the 〈ππ(I = 0)|Q7|K〉 correlation function,
measured on the 32nt64 G-parity ensemble as a function of tππ− tQ. These used the 3-point











Figure F.13: The error weighted average of the 〈ππ(I = 0)|Q8|K〉 correlation function,
measured on the 32nt64 G-parity ensemble as a function of tππ− tQ. These used the 3-point












Figure F.14: The error weighted average of the 〈ππ(I = 0)|Q9|K〉 correlation function,
measured on the 32nt64 G-parity ensemble as a function of tππ− tQ. These used the 3-point













Figure F.15: The error weighted average of the 〈ππ(I = 0)|Q10|K〉 correlation function,
measured on the 32nt64 G-parity ensemble as a function of tππ− tQ. These used the 3-point






















1 -9.640e-04 ± 3.082e-03 -9.062e-04 ± 3.214e-03 5.781e-05 ± 2.304e-04 -5.996e-02
2 2.917e-03 ± 2.928e-03 3.126e-03 ± 3.053e-03 2.092e-04 ± 1.902e-04 7.170e-02
3 1.048e-03 ± 6.185e-03 1.484e-03 ± 6.442e-03 4.361e-04 ± 4.841e-04 4.163e-01
4 7.764e-03 ± 6.517e-03 8.384e-03 ± 6.849e-03 6.198e-04 ± 5.124e-04 7.983e-02
5 -7.677e-03 ± 5.111e-03 -7.385e-03 ± 5.313e-03 2.916e-04 ± 4.098e-04 -3.798e-02
6 -2.163e-02 ± 8.827e-03 -2.167e-02 ± 9.044e-03 -3.364e-05 ± 6.148e-04 1.555e-03
7 2.611e-02 ± 4.539e-03 2.589e-02 ± 4.724e-03 -2.230e-04 ± 3.098e-04 -8.539e-03
8 7.641e-02 ± 6.779e-03 7.574e-02 ± 6.942e-03 -6.737e-04 ± 3.927e-04 -8.816e-03
9 -3.593e-03 ± 4.106e-03 -3.784e-03 ± 4.374e-03 -1.906e-04 ± 3.636e-04 5.303e-02
10 1.379e-03 ± 3.662e-03 1.407e-03 ± 3.880e-03 2.811e-05 ± 3.038e-04 2.038e-02
Table F.3: M
1/2,lat
i results for two different valence strange quark masses ms = 0.045 (super-
script (0)) and ms = 0.0495 (superscript (1)). Using data from K − ππ separations of 10,
12, and 14, and were analysed on 69 configurations.
141
t normalized expression 6.13 normalized expression 6.14 full correlator
1 9.2305e-03 ± 2.0891e-03 6.8849e-03 ± 1.8013e-03 4.0621e-02 ± 1.7811e-01
2 6.6341e-03 ± 1.5006e-03 6.3605e-03 ± 1.1376e-03 -1.2313e-02 ± 9.2606e-02
3 5.9011e-03 ± 1.0619e-03 2.3395e-03 ± 8.4813e-04 -4.1902e-02 ± 5.1461e-02
4 4.0494e-03 ± 7.5205e-04 1.8216e-03 ± 6.8875e-04 -1.7756e-03 ± 3.4008e-02
5 2.7282e-03 ± 6.0880e-04 2.1378e-03 ± 5.8850e-04 -4.9095e-02 ± 2.2007e-02
6 2.9705e-03 ± 5.3786e-04 2.6533e-03 ± 4.7434e-04 1.0519e-02 ± 1.5950e-02
7 1.2709e-03 ± 4.5540e-04 2.2297e-03 ± 4.4524e-04 -1.2714e-02 ± 9.8130e-03
8 -1.1525e-03 ± 4.0391e-04 1.6743e-03 ± 4.2331e-04 -1.8283e-02 ± 6.5643e-03
9 -1.6596e-03 ± 3.1749e-04 9.6151e-04 ± 3.5184e-04 -7.3171e-03 ± 4.6764e-03
10 -1.4256e-03 ± 3.7969e-04 4.0559e-04 ± 3.7320e-04 -4.7929e-03 ± 3.3398e-03
11 -2.7597e-03 ± 4.3192e-04 -1.3549e-03± 3.8603e-04 1.1034e-02 ± 2.5307e-03
Table F.4: Comparison of the connected correlation functions that are similar to the charm
contribution with the full connected correlation function, for Q6 in K → ππ(I = 0). Left
two columns: contribution of the light quark, Equation 6.13 and the strange quark, Equation
6.14. Right column: 〈ππ(t = 12)|Q6(t)|K(t = 0)〉. All numbers are divided by e−mK∗∆TK−Tππ .
∆TK−Tππ = 12. ’t’ column is ∆Top−TK . Analysed on 172 configurations.
